
Math 319: Applied Probability and Stochastic Processes for Biology

Fall 2008. Fourth Assignment.

Instructor: Peter Thomas, Yost 209 / pjt9@case.edu

Due Monday October 20 in class.

1. Let Xn be a sequence of random variables generated by rolling a fair six sided die labeled
{1, 2, 3, 4, 5, 6}. Which of the following random processes derived from {Xn} satisfy the
Markov property? For those that do, describe the state space S and write down the transition
probability matrix.

(a) The largest number rolled so far.

(b) The number of times a “six” has been rolled.

(c) The number of rolls since the last “six”.

(d) The number of rolls until the next “six”.

2. Use R or Matlab to compare the predictions of the steady state theorem for discrete time
Markov processes (in which the mean recurrence time of state i is equal to 1/πi, where ~π is
the steady state distribution vector) with the results of simulations. Your code should perform
a large number of iterations of a 2-state Markov chain and then determine the average of the
first return time for each state (the time it takes to return to itself).

Consider the following transition matrices:

P =
(

0.9 0.2
0.1 0.8

)
, Q =

(
0.5 0.5
0.5 0.5

)
, R =

(
1/3 3/4
2/3 1/4

)
Be sure to indicate the number of iterations used. Discuss your observations.

Hint: I found the following things useful when working on this myself in R. You can copy the
R code example for a discrete time Markov chain from the book’s website,
http://www.staff.ncl.ac.uk/d.j.wilkinson/smfsb/ch05-fmc.r. In R you can save this
code to a text file, for example m319hwk4-abc.r (use your initials in place of abc) and run it
from the R command line with a command like
source("/Users/homedirectory/m319hwk4-abc.r"). The script as written produces a time
series called samplepath. You can export this with a command like
write(samplepath,"/Users/homedirectory/m319hwk4-abc-data",ncolumns=1).

In MATLAB you can load this data file with a command like
s=load(’m319hwk4-abc-data’);
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which puts the time series into a column vector s. From there you may find commands like
find(s==2), find(s==1), and diff and mean and hist to be useful.

Anyone who figures out how to do the whole thing in R gets a gold star on their homework
paper.

3. Let P be the transition probability matrix for a two-state discrete time Markov process of
the form

0
a


b

1 (1)

That is,

P =
(

1− a b
a 1− b

)
. (2)

(a) Find the eigenvalues and eigenvectors of the matrix P and write it in the form of a
product

P = UDU−1 (3)

where the columns of U are the eigenvalues of P , D is a diagonal matrix containing the
eigenvalues, and U−1 is the matrix inverse of U , i.e. the unique 2× 2 matrix such that
U−1U = I. (I is the identity matrix).

(b) Show that the n-fold transition matrix Pn can be written in the following form:

Pn =
1

a+ b

(
b b
a a

)
+

(1− a− b)n

a+ b

(
a −b
−a b

)
(4)

Hint: use equation (3).
Interpret the two terms in equation (4) in terms of the long-time behavior of Pn~p0, where
~p0 is an arbitrary initial probability state vector. Find the limit

lim
n→∞

Pn

(
p0

1− p0

)
.

(c) Let the initial probability state vector ~p0 be

~p0 =
(
b/(a+ b)
a/(a+ b)

)
.

Let Xn be the Markov chain defined by the transition matrix P with state space S =
{0, 1} and initial condition ~p0 giving the probabilities for X0 to be in state 0 or state 1.
Let Sn =

∑n−1
k=0 Xk be the number of times the Markov chain was in state 1 in the first

n time steps (starting with n = 0.) The fraction of time spent in state 1 is the random
variable

Rn =
Sn

n
.

Show that for all values of n, Rn has a probability distribution given by

Pr
{
Rn =

k

n

}
= Binom(k;n,

a

a+ b
).
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4. (a) Using Matlab or R, write a routine called gaussconstrnd.m that takes as inputs the pa-
rameters p and N describing a binomial distribution Binom(p,N), and produces random
integers 0 ≤ K ≤ N that are approximately distributed binomially. To make the ap-
proximation, start with a Guassian random variable with the same mean and variance
as the binomial distribution, but truncate the Gaussian distribution to ensure that you
return an integer between 0 and N . (Note that truncation will change the mean; to
simplify this assignment you may leave out the correction for this source of error.)

(b) Given the algorithm you implement in part (a), write another routine to calculate the
probability distribution function; call it gaussconstrpdf.m. It should take arguments p,
N and k and return the probability of k given the algorithm in gaussconstrnd.m

(c) Compare your truncated Gaussian approximation with the true binomial approximation
for p = 0.5, 0.05 and N = 10, 100, 1000. For each combination of p and N , find the
following (you can put your results in a table).

i. (The mean of the approximation) − (the mean of the binomial).
ii. (The standard deviation of the approximation) − (the standard deviation of the

binomial).
iii. The Kullback-Leibler divergence between the approximation and the binomial.
iv. The difference in total probability between the approximation and the binomial.

Note I am trying this problem out for the first time on this assignment; feel free to give
me feedback if it is too hard / too easy / too long etc.

5. Two problems from Taylor & Karlin, Chapter II (Exer. 4.2 and Prob.4.1)

(a) Suppose that three components in a certain system each function with probability p and
fail with probability 1 − p, each component failing or operating independently of the
others. But the system is in a random environment, so that p is itself a random variable.
Suppose that p is uniformly distributed over the interval (0, 1]. The system operates if at
least two of the components operate. What is the probability that the system operates?

(b) Suppose that the outcome X of a certain chance mechanism depends on a parameter p
according to P{X = 1} = p and P{X = 0} = 1− p, where 0 ≤ p ≤ 1. Suppose that p is
chosen at random, uniformly distributed over the unit interval [0, 1], and then that two
independent outcomes X1 and X2 are observed. What is the unconditional correlation
coefficient between X1 and X2? Hint: this problem involves conditionally independent
variables that become correlated because they share dependence on a random parameter.
Think it through carefully!

Late homework policy: In general, homework that is n weeks late will be accepted, but its total
score will be multiplied by pn, where p is a random variable drawn from the uniform distribution
on the interval [0, 1]. For example, if an assignment is one week late the average penalty is 50%.
But it could be as high as 100 % or as low as nothing.
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