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“Quantum states”

State spaces

IC, H - two finite-dimensional Hilbert spaces, thus equivalent to
C™, C" for some m,n € N. We fix orthonormal bases {f,},. ;,
{ei}_; of K, H, resp.

B(K), B(#) - linear (bounded) operators on K, H, resp. B(K)™,
B(H)" - positive elements of B(K), B(H).

(A, B) = Tr (A*B). (1)

Hilbert-Schmidt product in B (K) or B(#). Canonical orthonormal
bases of B(K), B(H) - {fu}i =1, {efj};’d’:r resp.
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“Quantum operations”

B (B(K),B(#)) - linear (bounded) operators from B (K) into
B(H).

(@, W)= > (D (fu), Y (Fu))- (2)

k,I=1
Hilbert-Schmidt type product in B (K) or B (H).

(®,W)" = (id, d* o W) = (id, W o &*)” (3)

(@o®o B, )" = (d,a%0Wo )" (4)
for all « € B(B(H)), B € B(B(K)).
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Jamiotkowski-Choi isomorphism

The isomorphism

J:¢—>C¢::ka1®¢(fkl)~ (5)
K1

J goes from B (B (K),B(H)) into B (K ® H). The operator Co is
usually referred as the Choi matrix of .

Property

J is an isometry. One has

(®,0)" = (Co, Cu)’ (6)

for all &,V € B(B(K),B(H)).
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Classes of maps. Mapping cones

Positivity, complete positivity, etc.
o P - positive maps, ® (B(K)") C B(H)" for ® € P
@ k-P - k-positive maps, ® ® idy, () € P
@ CP - completely positive maps, CP C k-P V¥, ® =), Ady,

for all ® € CP

® k-SP - k-superpositive maps, ® = > . Ady,, rk V; < k for all
® € k-SP

@ SP - superpositive maps, ® =) . Ady,, rk V; =1 for all
o c SP

Mapping cones
All the cones P, k-P, CP, k-SP, SP are mapping cones, i.e. they
are closed subconesof Pand b€ C = TodoQ € C for

T,Q€CP and C =P, k-P,CP, k-SP,SP
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Duality between cones
Hermiticity-preserving maps

Consider the R-linear subspace HP C B(B(K),B(H)), consisting
of Hermiticity-preserving maps, i.e. maps ¢ s.t. ® (A*) = ¢ (A)".
Since P € HP, C C HP for all mapping cones C.

Duality between cones

For a cone C C HP (B(K),B(#)), its dual is defined as

Co:={V e HP(B(K),B(H))(V,®)" > 0Veec}. (7)

Let C C P(B(K),B(H)) be an arbitrary mapping cone. Then C°,
defined as in (7), is a mapping cone as well.

A\
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Proof of the Proposition (sketchy)

C° has the mapping cone symmetry

Take ® € C, T,Q € CP. Since C is a mapping cone,
T*o®oQ*ecC, s0 (T odoQ* W) >0 But

(T*od o Q*, W) = (&, T o WoQ)” by the second property of
(.,.)". Hence

(@, ToWo0)" > 0Voec Vr weer, (8)

which means that To W o Q € C*.

c° P (B(K),B(H))

Can be proved using the fact that Ady € C for all V € B(K,H),
no matter what the mapping cone C is.
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Main characterization result

Let C C P(B(K),B(H)) be a convex mapping cone. The
following conditions are equivalent,

Q@ ¢veC,
Q@ V*od e CP (B(K)) for all W € C°,
Q@ PoV*cCP(B(H)) for all W € C°.

A similar theorem does not hold for a general convex cone

C c HP (B(K),B(H)).
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Proof of the main result (sketchy)

By the Proposition, C° is a mapping cone. Thus W o Ady € C° and
<\U oAdy, (D)// > 0Vgec. But

(WoAdy,d) = (id, Ady= oW* o ®)" = (Ady, W* o ®)”, which
equals (CAdVa C\u*oq:.)/ = <|U> <U’ 9 Cw*o¢>l = <U, C\y*oq; (U)>, where
v € K ® H can be arbitrary if there no constraints on V. Thus

(U, Cyroo (V)) = 0VyexanVoec- (9)

By the Choi theorem, WV* o ® € CP for all ® € C.

Proof of 2 =1

V* o ® € CP implies (V* o ®,id)" > 0. But
(W* o d,id)" = (¢, V). Thus we get (&, W)" > 0Vyeco,
® e =C.
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A version for k-positive maps

Denote with My (K) and Ny (#H) the sets of k-dimensional
projections in C and H, resp. The following conditons are
equivalent

Q ¢ e kP(B(K),B(H)).
Q Adgod e CP(B(K),B(H)) for all E € Nk (H),
© PoAdr € CP(B(K),B(H)) for all F € N (K),

O Adgo®oAdr € CP(B(K),B(H)) for all E € Ny (1),
F e I'Ik(IC).

Consider &) := Tr—AAdy, Adgo®) = E(Tr—AAdgy) E. The
same form, V — EV = maximize CP condition over E

tukasz Skowronek Symmetry of mapping cones with applications in entanglement



Norms with respect to a mapping cone

Definition

Given a mapping cone C € B(B(K),B(#)), let us define

Sc :={Co|P € C°, Tr Cp = 1}. For example, Sp equals the set of
separable states. It is now possible to define a norm in B (K ® H)
with respect to Sg,

|Alls, == sup ’ (A, B) }— sup |Tr(AB")|. (10)
BeSe

A corresponding norm in B (B (K),B(H)),

[V|o:= sup ‘(W,d>>”‘: sup ‘(C\U,C¢>", (11)
Pes1(Sc) PeJ1(Se)

where the latter equalities follow because J : ® — Cg is an
isometry.
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A 2-positivity criterion for ® @ ®

A norm condition for maps in a mapping cone
Let Cy, =1 - XA, A> 0. Then &, EC{:)AHAHSC <1

An application

For C = k-P.||.|ls, » = Il-lls(ky, k-th Schmidt norm defined by
Johnston&Kribs. Using their upper bound for |[A[[ gy in terms of
eigendecomposition of A and other facts, one gets

1L ® ) (W] + [v) (] © L5 < 4lvl5y » (12)

where HUH§(1) is the square of the greatest singular value of the

coefficient matrix for v in the basis {fx ® e}, ; of L@ H.

Consequently, (1 — X|v) (v])®2, corresponds to a 2-positive map if

ax o]l < 1
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Conclusion

@ The class of mapping cones is closed under the operation

C—cC°

@ A mapping cone can be characterized by saying that the
products of its elements with the conjugates of the elements
in the convex dual cone are CP maps

@ Several mapping cones have applications in the theory of
quantum information, where the above characterization can
be used

How large is the class of mapping cones?
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