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Kegpdiowo 1

Eicoaywyn

1.1 IIpdloyog

To npéfinua twv Busemann-Petty €yel xatagatied andvinon yia n < 4 xa
apVNTIXT Yiot > 5.
H epyooia auth| yweiletar oe 3 xepdhaa.

To npwto xepdhato anoteheiton and xdmold 0 TOpLXd GToLyElol X PeELH00g
Baoixole oplopols, YpHooUS Yol TNV avayveon ¢ epyaciag. Avogépovto
HEPIXES Ao TIC XUPLOTEPES EQYAGIES TTOU EYIVOY TIAVW G TO V€U, Ol OTOlEC GANOTE
ennpéacay xt dhhote emPBefoiwoay TNV Topeld TEOC TNV OROXANEWUEVY AboT).

Y10 Be0TEPO XEQPIAAO ACYONOVUACTE UE T TECOEQU ONUAVTIXOTEQA UVTL-
Topadelypota. Xto 2.1 pyeketdue 1o avtinaupdderypa mou mbavolewpntind o1
wolpynoav ot Larman-Rogers, [LR] yix Sactdoeic peyahitepeg and 11. To
2.2 mepiéyer dlo epyaoiec tou Ball, [B1],[B2], o onofoc agol apyixd napoth-
enoe 6Tt 1) péylo T Toun Tou povadiaiou x0Pou otov R™ ye (n —1)—6ido tatoug
umdyweoug eivar V2, xataoxebuoe éva avtimapdderypa v n > 10. Yto 2.3
peletdue évar avtimapdderypa Yo n > 7, tou Tavvérovdov, [Gi, eve to 2.4
anoteleiton and éva avtinapdderyuo tou Hanadnuntednn [Pa] yia tig Steotdoeig
5 xou 6.

To tpito xepdhono g gpyaciag aUTASC aoyoleiton Ue TO TEOPANUA YEVIXY
yiot Oheg Tig Drao Tdoels. AvagépovTon apyixd xAmolES YpHotues Evvolec-epyaheia
yioo Ty pehéty tou mpoPifuatos (nop.3.1). Aivovtor ot oplopol TV YETao)N
potiopwy Fourier xo Radon yevixd yia xotavoués xat mo edixd yio Yetind
oplopuéveg xatavopes. Iapouoidlouye eniong v ouvdptnon napdhAnAwy To-
pov, 1 onola anotéhece Baotxd xhedl yio wa eviafor Aoor.  OplCoupe axdua
TO U0 TEPOUOPPA COUATA XD XU T TWUATA TOPWY, wo évvota tou o Lu-
twak npdtog ouvédeoe pe to mEdPinua, ([Lu2]). Erfone divovtar xoau xdnoteg
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6 KE®AANAIO 1. EIXAICQAI'H

YPNOWES OYECELC IOV YPNCLOTIOOUVTOL O TIC ANODE(EELC.
Y10 Tplto xepdiao napovaidlovtar eniong Tela xOpta Vewpruata.

To mpcdTo Biver wior eov| xan avoryxodor cuviixn yia va €yel 10 TEOBANUA
xatapatixh) andvinor otov R™. 1o ouyxexpiuéva anodexvieton ot autd 1oy bet
av xou Wovo av xdde xvptéd ouuueteixd,n¢ mpog to 0, owua otov R™ etvon
owua topwv. llapoustdlovpe v anddeln, n omola ogelleton, Yy v uia
xoatetuvon (xavh ouvdfxn) otov Lutwak, [Lu2], evé n avayxadtnta tne
WroTNTaC authc TwY coudtwy ogeiletor otov Zhang, [Z3].

To deltepo Yewprnua eivan wa epyacia tou Koldobsky, [K5] o onofog pehe-
Tdet moTE €va Ao TEPOPOPYO coPa elvor abpa Topdy.To Yedpnua autd divel ot
éva 0o TepGRoppo ahpa K otov R™ efvan odpa toudy av xa wévo av 1 ||z
elvou ot YeTind oplouévn xatavour.

Me to tpito Yempnua ohoxhnpwveton wia eviata anddelln o to TedPANUA TV
Busemann-Petty. Eivoaw pia epyaoio twv Gardner-Koldobsky-Schlumprecht,
[GKS] otnv onofa e€etdleta ndte 1 [|z]| 7 efvan wia detind optouévn xatavoyr,.

Y10 Té€TapTo Pé€pog TOu XEPUANIOU aUTOD UE YPNOT) TWV TEIOV VEWPNUITOVY
mou avapépdnxay tapandve divetal wia anddelln 1 onola divel dueca TNV and-
VINon 610 TpOPANua Yia OAeC Tig SaoTdoelg xon «emBePardvety xato xdmoto
TEOTO OAOL T TEONYOUUEVA ATOTEAECUATA.

1.2 IoTopwxd

To 1956 ot Busemann xat Petty, [BP] Snuocicucav éva dpdpo, détovtac wa
OElPd Amd AVOIXTA TEOPBAUATY XUPTAOY cwudtey. 'Eva and autd ftav xo to
TEOBANUa UE TO OTOl0 0oy OAOVUACTE 5TV Epyaoio auTH.

To npéBAnua twv Busemann-Petty
‘Ectw k,L »xvptd, cuppetpind wg npog to 0, copata ctov R™.
Av yvia xd9e (n — 1)-didotato uRdYweo H woylel 6Tt

‘KQH|(n71) < |LﬁH’(n,1),

CUVETAYETAL OTL

[Tapdho mou to mpéfinua propel mhéov va Yewpnlel xhewouévo, akiler va
YIVEL Wit wixpr) avapopd 0TI EpYacieg mou €youy Yivel, wo xat ToAlol podn-
potixol aoyohfinxay ye to Vépa autéd. Ilohhol nepioodtepot and autols mou
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avagépovtar oty epyacia outh. [apaxdte Tic topouctdlouue GUVOTTIXG Y-
ptlovtag o anoteréopota ¢” auTd TOU BIVOLY aEVNTIXY xal ¢° AUTA Tou Bivouv
AATAPATINY ATAVTNGT], AXOAOLVGVTAS YEOVOROYIXY CELRAL.

To 1975 ot Larman xou Rogers, [LR] anédei&av 6t 1) andvtnon eivor apvn-
e av n > 12, Me mdavodewpnuixég uetdddoug €deiay tny Onaply oOUATOS
L -pixpne napodhayric e Euxheldetog undhoac (ue v évvora tne Hausdorff
anboTUonS ), 10U 0nolou 0 N—AdoTaTOC GYX0C Eivorl PEYUAITEROS and aUTOV
NG Undhag, eved 0 6yxoc e tophic tou pe (n — 1)—Bdidotato undywpeo H dev
Eenepvdel Tov Oyxo g B_1.

Apyébrepa (1986-1989) o Ball, [B1], [B2] agol unoldyioe bt 1 uéytotn
(n — 1)—didotatn Topd Tou povadlaiou xHBou pe évav unbyweo civar V2, xa-
TAOXEVACE EVAL AVTITUPADELYUO YENOLOTOIWVTAS ToV dovadiaio xOBo xat tny
Euxheideta undha, xatdAAning axtivag, Yo vo 0eilet 6TL 1) andvinon ebvon ap-
vt xan Yo > 10.

Ipw oto 1990 o Tavvénovhoe, [Gi] €dee é11 m andvinon elvor eniong
apvnTixy| 6tay 1) Bidotaoy elvan peyalbtepn 1) fon and 7. H Abon mpornide
XATACHEVAO TiX T, VewpdvTag x0AVOpo otov R™ tou onolou o 6yxog elvar (5o
HE Tov 6yxo e By evd ot (n — 1) =880 Tate TOPES TOU PE UROYMPOUS E£YOUV
6Y%0 WixpoTERO amd auTdY NG Undhag oTic n — 1 Blac Tdoel.

Tny S ypovid o Bourgain, [Bo] édeile 6t maipvovtac v Euxdeidei
povadtato UTdho X0t GWUA TEOEPYOUEVO AN ULXPES DIATARUYES TNG 1) ANAVTINOT)
elvor apvnTIXy.

To 1991 o Horadnuntedxne, [P] xataoxedace xatddinho obduo L xou nofp-
VOVTAS IXPES Dtatopayéc Tou anédele 0Tt 10 TEOBANUA EMUEVEL VoL EYEL APV
TLC AMAVTINOT, %ot GTIC TEPITTWOELS 6Tou 1 = 5, 6.

Abyo vpydtepa o1 Gardner, [Ga2] xou Zhang, [Z2], édwoav o (B0 anoté-
AEoUa XATAOXEVALOVTOS AVTITAPABEYUATA And COUATI TOU BEV NTAV COUATA
Toudv otov RS,

To TpéBhnua twv Busemann-Petty anodelydnxe tehxd ott diver xatopo-
T} andvTnoT wévo Yo Tig dlao tdoelg 2,3 xan 4.

[ n = 2 ebvan oyed6V TpoQavES OTL 1) AMAVTNOT EVa XATUPAUTIXT] LA X0t O
HOVOOLAC TATOS OYXOS TWY TOUWY TV 800 CUUUETOIX®Y ¢ TEog T0 0, cwudtwy,
|[K N H| <|LNH]| woduvapel pe K C L.

To 1963 o Busemann, [Bul] ébeile 6t oty edixd) nepintwon 6nov 1o K
elvar ehheuoedée 1 andvinom eivon xatagoatixd. Afyo apyétepa, [Bu2| nopath-
enoe 6T o {Blo anotéheopa unopet xaveic vo ndpet av K eivon éva elheufoetdég
pE x€évtpo cupuetpiog To 0 xou L éva onolodrrote cuunayéc olvoho mov meplé-
yer 1o 0.

O Lutwak, [Lu2] 1o 1988 édwoe xatagotix| andvinon otov R™ yio couota
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TOU OVAXOUV G TNV XAGOY TWV ACTEPOUOPPWY CWUATWY, 6TOU TO OO UE TNV
TO WixEr) XEVTEIXTY) TOUT| EIVAL TWUA TOPMY, CUVDEOVTAC £TOL TOL TWUATA TOUWY
00 TEPOUOPPWY COUATKY YE TO TEOBANUa Twv Busemann-Petty. Ytnv anddein
yernowonoinae 11 Yewpla TV SUXGY WXTGY OYXwY, TNV onola o (Blog elye npty
yedvia oploet, [Lul].

Emniéov €deile 6t av L éva owya ye C° oOvopo xar Vet xoaunuAdtnTa
10 onolo dev elvor oWUA TOUOY TOTE UTOPOVUE UE UXpES DLUTUpAyES TOU VoL
ndpouye éva owua K o onolo wall ye 1o apyd L divouv apyntixd andvinor.

‘Etotl 860nxe éva yevind Jedpnuo Yioo T0 TOTE 1) AndvINoy oTo TeoBinua
Twv Busemann-Petty eivou xatagatue. Kot autd woydel av xou pévo av xdie
%€0pTO ouUPETEd w¢ Tpog To 0, chpa atov R™ elvon ooy Topmy.

To 1990 o Bourgain, [Bo] édeile 61 yia n = 3 1 andvinomn eivor xatapo-
o mafpvovtag L = By xou K o@ua mpoepyOUevo and wixpes dlatapuy€s tne
pndhoc.

To arotéheopa tou Lutwak Behtddnxe Aiyo anéd touc Gardner, [Ga2] xou
Zhang, [Z2], [Z3]. Lty epyaocia pac napouctdlovye v anddetly tou Zhang,
[Z3], otny omola 1 txdvr cuvdfixn Yy vo toylel To Yedpnua ogeihetar oTov
Lutwak, [Lu2].

To 1992 o Zhang oo {dio dpdpo édeiZe 6Tt 0 povadiaiog xUPoc otov RY dev
elvol oWUA TOUOY, OTOTE 1) AMAVTNOY YIA TIC TETGERPLS BLUO TUCELS HTAV AEVHTLXY.

To 1994 o Gardner, [Gal] anédeile 61 xdle xuptd, ocuppetpxd pe xé-
vipo 10 0, obpa otov R? eivar odua toudv, ondte 1 andvinon yid Tic TpelC
BLOO TAOELS TTAY XUTAPOTLXTY.

To yepind ypdvia o pdBAnUa Edetyve va £xel xheloel, ol BlaoTdoel; 2 o
3 EBvary XaTAPATIX ATAVTNGT, EVE amd TiIC 4 xaL Tave apvnTIXT.

To 1997 o Koldobsky, [K4] anédeile 61 o povadirioc x0Bog otov R™ eiva
owua ToU®Y av xot povo av n < 4. Onoéte 1o anotéheoya tou Zhang and-
detymxe 6 Arav havdacpévo. Afyo apydtepa o dioc, [Z1], enPeBaiwoe o
anotéheopa tou Koldobsky delyvivtag dtt dha T xUpTd, GUMUETEIXE WS TPOC
10 0, odpata 6tov RY elvar odpota topdy.

Ty (Bro ypovid o Koldobsky, [K5] édwoe évav yapoxtnpioud yia o 6ouota
TOU®Y, ATOdEXVOOVTAS OTL Ve A0 TEPOUOPYO TOUO EIVOL GOUA TOUMY oV XAt
HOVO OV 1) aXTIVIXY) TOU GUVAETNOY eivat Wit VETIXA OPLOUEVT) XATAVOUY.

To npdPhnua éxhetoe and toug Gardner-Koldobsky-Schlumprecht, [GKS],
OToU EDWOAY Wid YEVIXY) anOdEEY), 1 ontola BIvEL andvTnoT Yia OAES TIS OLoo Td-
oeig. LNy anodeldr auth aivetal TAEOV «PUAIOAOYIXOY YioTl TO TPOBANUA TwV
Busemann-Petty €yet xatagatue] andvinor yia 1i¢ diactdoeic 2,3 xar 4, xat
QEVNTIXY ATAVTINOT Yot OAES TIC TOQAUTAVE.

Oa DolUE ToPAXATEL AVIAUTIXG TG anOOEEELC X0t TV dVO TEAEUTAlWY ATOTERE-
OUATOV TOU AVAUPEQUE.
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M Afyo Sagopetiny anddeiln ano auth twv Gardner-Koldobsky-Schlu-
mprecht, édwoav tehevtaia ot Barthe-Fradelizi-Maurey, [BEM].
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1.3 Oplopotl-Eicaywyixd

Ytny epyaoio auth o yhpog tdve atov onofo epyalduacte eivar o Euxheidelog
ywepoc R”™.

YupPohilouye pe xepaiaio yoduporta tng Aativixhc ahgaBritov A, B, . K, L..
Toe oupnayr) vtooUvora tou R™. O byxog evég tétolou ouvéhou A ot k Sa-
otdoeig Ya ebvon |A ).
Me By 9o oupPolilovue tnv povadiala Euxheldelor undha didotaong k xou ye
SE=1 1ty wovadiada ogaipa atov RF. Me wy, Yo oupBohilouge 10y 6yxo tng
By, ondte o byxog g SE=1 Yo etvan kwy,.
'Etot av éyoupe wa k—didotatn undha axtivag p, o 6yxog g Yo eivau [ B(p)|xy =
pFw.

H ouvdptnon Tdppa eivar wa ouvdptnon I' 2 (0, +00) — R ue

+oo
I'(z) :/ t"Le~tat
0
X0l Yo TNV onola 1oy Youy ol IBLOTNTES
i I'(z+1) =2l(x)
i (1) =1
iii. avneN, I'(n+1)=n!

([W], 6£).208-9)

‘Eva ohoxhfipwpa tov o yenoponoliooupe mohd, iBlaitepa 6T0 TEKOTO Y-
pog g epyaoiog autrg, lvor To

T 1

I, = /2 cos™ 0d6 :/ (1 —t2)nT_1, neN (1.3.1)

_n _1
2

[ v axohoudia auth oy et

Iy = /2 cos" 1 0df = /2

s
2

cos” 0 cos 0df < / cos™ 0dl = I,

Ny
(NE]

dmhadh n {1} ebvar pdivouoa.
Me v BoRteta tou I, xon Tng cuvdptnong lappoa, unohoyileton 1L 0 dyxog
e povadtaiag pndiag otov R, eivou

271'”/2

Wy = n
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Emuniéov woyler 6T

=1, neN (1.3.2)
Wn—1
1 LG
L ne 1720(2)
1— )" dt = = 2 1.3.3
fp o= i .

([W], 6e).278-9)

Me H (u) % ut Yo supBorilovyue tov (n — 1)—Bido 1010 Ypoupuixd LTdY©EO
tou R", 0 omofog efven xddetoc ot0 Bidvuopa u € S, Fnhads

H(u) = {z € R": (z,u) = 0}.

To olpPoho (x,y) Yo divel T0 eowTEPU YIVOUEVO TV dlavuoudtwy z,y € R™.
Yta ohoxhnpopata, o obuPola dx,dE, . .., avTioTolyoly o TNV ohoXApe-
on ¢ mpog To Pétpo Lebesgue xatdhining Sidotacng ¥ T0 empavelaxd PETPO
TV TNV oQalpa XATIAATANG Bidotaone. Xe xdde t€tola nepintwon Yo etvor
Tpogavéc To pé€tpo mou Yo yenotponoteitar and T ohvoha Tdve ota onota Yo
ONOXAPOVOUUE.
Ye onowdinote GANY TepinTwoT), émou To YéTpo Bev elvon xdmolo and Ta Topa-
TV, autd Vo avapépeton, xaddg xat 0 0ploUddS Tou.

Ipétaom 1.3.1 H ovvdptnon tov dykov twv (n — 1)-0idotatwy toudv tov

povadiaiov k6Bov Q, = [—3,1]" pe vrdywpo mov dev efvar mapdAdndos pe

kdroia ard T édpes Tov Q,, elvar ouvexns ovvdpTnon.

Anobdeln
Oa deifoupe yevixdtepa T0 EENG:

‘Eoto K xuptd, cuprnayés oopa otov R™ (dnhadf xuptd cupnayés unoohvoro
Tou R™ pe un xevé eowteptnd). Eotw H évag (n—1)—8idotatog undywpog tou
R™ xou a € R™\ H. ©ewpotye tn ouvdptnon f(r) = [(H+ra)NK| =: [K;|@p_1).
Avry — rxa K. # 0, tote f(rm) — f(r).
Mo vo anodet&ouye to nopandve Loyuptopd meeEnel va detlouue to e€Rc:

1. K,,, — K, (wc npoc v yetptxy) touv Hausdor f f)

2. Av 7 : R" — H 7 ouvdptnon npoBolfc ndvew otov undyweo H téte
(K., ) — 7(K,)

Tm

Ondre Va éyovpe ot [T(Ky, ) [n—1) — [T (K)|(n—1) xou cuvemedc

’K"'m ‘(n—l) - ‘KT‘(n—l)

1.) : Iood0vopo apxel va dei&oupe 6Tt
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iav oy, € K XU Ly, — T, N — +00 toTE T € K,

Tmmn

ii. av z € K, 161e undpyouy x,, € K,

T'm

UE Ty — .

i] : Oewpolye axohoudia Lo, UE T, € Ky, = (H + 1y, a) N K, yia o
unoaxohoutio BELXTOY My, YE Ty, — T, N — ~+00.

Eotww H={x € R": ¢(x) =0}, ¢ ypopuxd ouvaptnooetdéc, ¢ # 0.
Avye H+ra=x—ra€ H téte ¢(x —ra) =0 = ¢(z) =r¢(a).

r 7z, 4 7 7 4 ’
Etot, xde éva and 1o oopata K, unopodv vo Teprypapoiyv wg

K, ={y € K: ¢(y) = rmd(a)}.

"Eotw
Tm, — &
t6te
¢(Tm,) — d(z)
oAb,
de)(a) - T¢(a)
onoTE
Tm, — T

K enedd) ¢(zm,) = rmd(a), n wébtnta Yo toyber xon yio ta avtiotoryo Spia,
0nAad,

¢(x) = ré(a)
Apa z € K.

ii] : Oewpotye Y axohoudia aptOUMY T, Pe Ty — 7. Xopic BAIEN e
YEVIXOTNTAC Unopolue va utoYéoovpe 6Tt 1 < 1y < 71 YL M > myg. Tote
undpyouy Ay, € (0,1) tétota wote

Tm = Amr1 + (L — A7

FEow z € K, xao y € KN H. T xdde Ay, m € N opileton axoroudia
ornuelwy

[o xde €va ano o onuela autd xou P Bdon Tov nopandve oplowd twv K, ,
€youpe OTL
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d(xm) = ¢()\my + (1 - )‘m)x)
Amd(y) + (1 = Ap)d(2)
= [Amr1+ (1= An)rlo(a)

Apa zy, € K.
Aol ry — 1, Ay — 0, madpvoupe 6Tt Xy, — T. BUVETOE UTIPYEL AXO-
hovdio Ty, e Ty € K, xat z, — .

2)) : Eotww 7 : R" — H 1 npofolf| otov undywpo H. Oéhoupe
(K, ) — 7(K,)
‘Opota pe 1o (1.) apxel va deifouye ot
i av oy, € Ky, xo 7Ty, — Yy, 1618 y € 7(K;)

ii. av mx € m(K,), téte undpyouy Ty, € T(K,,,) UE TLy, — TT

i]: Eotww oy, € Ky, xot 12y, — TT.
Yo (1.) deilaye 6nt K,,, — K, ondte unapyel GUPTayEC 6UVOAO Tou TEptéyeL
oha o Koo Agod xyy,, € K, v K, — K, ané to (1.i]) rafpvoupe ott
x&de ouyxhivousa unoaxoloudia TNG T, cUYXAVEL ot atotyelo Tov K. H
elvar ouveyhic anewévion . Agol Ty, € (K, ), énctu on y € w(K;).

ii ] : Eoto mr € n(K,). Anhadh z € K,.
Ané to Lii] vrdpyouv zpy, € K, T.0. Ty — T.
Agol xy, € K, éyovye 6t Ty, € T(K,,) xor (zy, —2) — 0
Goa (T — ) — w(0) =0

N AAALDG

Ty — 7k — 0
OnAadY,
Ty — TX
Apa (K,,) — 7(K}), xadode ry — 7, m— 400.
Yuveroe [m(Kr,, )| (n-1) — 17(Kr)|n-1)-
Apa
|Krm|(n—1) - |Kr|(n—1)-
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Kegdharo 2

ApvnTixn andvinon Yo n > 5

2.1 Avtimopddsiypo yio n > 12

Ocwpolye v povadiada undha B, C R"™. Awdheyoupe N povodiador Srovi-
OUOTA UL, U2, - . ., UN. Agoupwdvtac and Ty By, 2N ogoupixd «xomdxiay yw-
vioxng oxtivag 0 < € < F, ue xévtpa to Fug, ..., Fuy, xatacxeudletar éva
xUpThd ooy, to onoio Va cupPorilovpe K (uy,ug,...,uy). H emhoy tov
ur, U2, ..., uN Yiveton tuyola, oméTE UTAPYEL TEQIMTWOY To XOMANLOL AUTE VoL
emxaivnTtovton. I't autd unohoyiloupe tny mdavotnTta va ouuPatvel autd i
emAéyoupe Tic mopauéteoug € xou N, €tor dote N mbavotnTo auTh vor efvan
wxpdTepn ané 3.

o ouyxexpéva, o odua K (u1,ug, ..., uy) VYo elvon 10 ohvoho twy = €
R™ vy to onolar ||| < 1 xon |z - ;] < cose, 1 <i<N.

OpfCoupe TNV cuvdptnom

N
Vn(’lﬂ,UQ, cee 7UN) = ‘Bn|(n) - Z |C(ul) U C(_ul)|(n)7
=1

émouv C(u), u € S™ ! elvon 10 xamdoe mou amoteheitan and exelva 1o & € R™

pe |lzf| <1 xa x-u > cose.

‘Onwg Yo do0ue mupaxdtey EvVol TETOIO XATAXL, YOVIOXAS OXTIVOC €, XUAUTITEL

1060616 T ; Sn—t { ; n=l 4 0
ne em@dvelas e nou efvar tng téEng ce™, bmou ¢ >

otaepd mou e&upTdTon and TNV BIdC TAOT.

BHMA 1.
‘Onwg ebvar yvwo16 wo prndha otov R™ pe axtiva r > 0 éyer byxo [rBn|m) =

15
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16
%, onéte 0 byxoc tou C(u) Ya eivan
1 n-l oy =l n—1 c
1—
IC(U)!(n)—/ . 2r ) g T / sin” 06
cose (Q + 5) F(§ + §) 0
WnT_l 6n+1 n 13 45
= - e 4 0" },
I(3+7%) [n+1 6(n + 3) (™)

xadwe € — 01 xau 1) ouvdptnon O Ya elaptdron pbvo and Ty dido oo,
Auté unopotye va to dodye, av mdpoupe to avdrntuypa Taylor tng ouvdptnong

sin:z:z:c—%#—%,—....Orcéts

3 3 3
" n—1 n T \n—2
== o () = o
= (x — %)n + O(a:"+4)
o (2) e () 0
T nx 5 5 26 3 T i T
=" — %x"+2 + O(z" )
Téte,
3 £ n
/ sin” wdz = / (2" — a2 4 O(a" )] dx
0 0 6
1 n
ntl 6(n+3)5 +0(E")
BHMA 2.
ooy un). Eyovue

Ou perethooupe Thpa Ty ouvdptnon V(u1, ug,

N
V(uy,ug, .., un) = [Bulm) — > 1C(us) UC(~ui) ()

i=1

= ’Bn|(n) - QN\C(U”(n) = ‘Bn|(n) (1 - 2NW
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(and 1o PrApe 1.)

n—1
_ TG e m nis
- ’B”‘(”)<1 2N (w% {n—i—l 6(n+3)° O )}
1+3
ra+2)  entt n
— |Bn‘ N 1—9N 2 _ €n+3+0(€n+5)
<K 7§W5+gﬁn+1 6(n + 3) D
- ’Bn‘(n)rlv
oTou
NG n+1 L
r o= <1—2N 1( + 2) {5 o n 5n+3+0(5n+5)}>
7T§F(%+%) n+1 6(n+3)
(1+n n+1 1
=(1-2N 1( 3) {6 S s”+3}+N0(e"+5)
(3 + o) intl 6(n+3)
(] +n n+1
SR (VLA Gt 3 [E— - e 4 NOE)
(3 4+ 2) tntl 6(n+3)
1+ 2 n+1
10 (—2N l( 2) {5 B n 5”+3}+N0(8n+5))
mil(3+2)tn+l 6(n + 3)
(1 n n+1 n+3 1
—1-2N ;( 3 { R }+7NO(5"+5)
(3 + 1) n(n+1) 6(n+3) n
ra+2) gntl n 2
+0O( —2N 2 — M3 L NO(e" o >
( W%F(% + g){n(nJr 1)  6(n+3) } ( ))

Oa emhédoupe 10 N @ote va elvon g Tadng tou € ¢, yia xdroto a > 0, to
orolo Va mpocdiopiovel apyodtepa. Lo va pmopet va mapaierpiel o teheutaiog

6po¢ Vo TEEREL VAL oY UEL

(N€n+1)2 < N5

onhad
g720H2mH2 £ gmatnS vy ) < e < 1, ondte

n>a+3. (2.1.1)
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Yuvenoe Yo €youpe

2NT(1 + 1, gntl en+3
r=1-— (1 2") — }+ O(Ne™™). (2.1.2)
(L +2) n(n+1) 6(n+3)
BHMA 3.
Trohoyilouye TNy mdavdTNTAL OTAY EMLAEYOUPE T U1, .« - . , UN AVEESRTNTA G TNV

Sl ue opotbpopon xatavopr, dVo ¥ meploobTepa amd T BiTAS xomdie
C(u)) NC(—uy), i =1,..., N, va emixahOnTOVTOL.

Av p ebvar 10 1000616 Tou gPPadol tne S™T mou xahinTeTon amd éva BIThd
xomdel ywvioig axtivag 2¢, 161te

1

2 C n n—_ £
p= AWl 2wz / sin” 06
‘Bn|(n) |Bn’(n)r(§+§) 0

‘Opwe fos sin™ 0df < foe sin" 2 0df, apo’ 0 < sinf < 1. Ondre,

= 0" ).

0

€ € c
p<c / sin"20df < ¢ / 0" 2dg = ——on!
0 0 n — 1

‘Otav howmdv Va éyoupe emhééer r, 1 < 7 < N, Saviopata tdve oty S7L
10 1000016 Tou Yo €yet xohugUel and Tar BIMAd xamdxior Ywviaxhg axtivag 2e
He xévipa to Fug, ..., Fuy, Yo eivar to tohd rp. To Sinhéd xandxt C(up41) U
C(—ur41) Do Téuver éva and T TPONYOVUEVL OV X LOVO OV TO Upyq KTEQPTELY
OTNV EVWOT TV T DIMAWY XATOXLOY YwViaxhg oxtivag 2e. Ondte 1 mdavotnta
va €youye emxdhudn oto oTddo autd Yo elvar 10 TOAG TP.

Yuvenwg  mdavotnta emixdhudng o xdnolo otddlo e dladixaociag authg Yo
elvou

N-1 1
< er:p(l—l—Q—i—-“N—l) = §N(N—1)p:O(N2€nil)

r=1
Oéhoupe 1 trdavéTnTA QUTA, Yo WXEd €, var efvan pxpdTepn omd 5. Av hotréy
N =~e™® a>0, npénet
—2a+n—1>0. (2.1.3)

BHMA 4.
Ocwpolpe 1P évay Ypouuxd (n — 1)—didotato undyweo L tou R™ xa opi-
Coupe v mocdHTNTA

N

Voot (Liun, o yuw) o= |L0 Bal g,y = Do |E0 {Ci) U C(-ui)}|

i=1 (n-1)’
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H nocotnra auty) eloptdtan and tar Tuyador EMAEYOUEVA UT, - . ., UN, dpa Efvar

plor Tuyolar peToAnT.

Oa vroloyioouye TNy wéorn T auTAC NG TUYlag HETUPANTAS %o G TNV GUVE-

YEW EMAEYOVTOG Wit THUH) Ao YeyohlTept] Tng, €0Tw V1, Vo TapaTtnericoude Ot
4 4 2 7. 4 r 7

7 mdavotnta va éyoupe Vo1 (Liug, ..., un) > vy etvon okl pixen. Ilop” dha

aUTd xdTL TETOo BeV Wog eCaopaAilel Tl unopolue Vo EMAEEOUNE UL, .. ., UN

7, 7 4 z

OO TE Vo toyLer Vi1 (L; UL,y - ,uN) < g, Yo Ghovg toug (n— 1)—didoTatoug

unoywpeoug L.

[Ma tov Aéyo autd Yo Vewprioouue v1,v,. .., vy povoadialo Staviouatd, Ue

M xatdhhnho (péytoto TAloc) étot WO TE Ta oQaupIxd xamdxio Ue xEVTpa o

V1, V2, ..., UM XL XATAANANAT Ywviax oxtiva va uny emxohdntoviar. Onéte av

ndpouye Toug Ly, Lo, ..., Ly x80etouc undywpouc Tov vy, v, . . ., Uar, Yo uno-

EOUUE UE XAUTIAATAT ETIAOYY| TWV TOQUPETPMY VA DIMAEEOVUE TA U, ..., UN €

Sn=1 éto1 dote

it C(u;) UC(—u;), 1 <i <N, ava 800 va uny emtxahintova,

ii. Vn,l(Lj;ul,...,uN) < v, 1 S] < M.

Téte 1o oopa K (u1, ug, . .., un) Yo uropel vo xataoxevaotel dote vo diver 1o
apYNTIXO AMOTERECUA VIO XATAAATAAL 1.

BHMA 5.

Oétoupe

W(L;u) := ‘Lﬂ {C(uUC(—u)}‘(n_l)

Oa pehetHooLUE TNV TUYaLd PETAPANTY

N

V-1 (L; Ui, ... ,uN) = }L N Bn‘(n—l) — Z W (L; u;).

i=1
‘Eotww v =v(L) éva and 1o povadiaia xddeta Staviouata tou ypoputxol uré-
yweov L xat éotw ¢ = ¢(v,u), 1 oupninpwpaties, ywvio e ofelag yoviag
Tou oynuatiCouy ta povadtaio draviopata £u, v uetall Toug. Mnopolye va
TEPLOpPIo TOVUE o TNY Tepintwor dnou ¢ > 0.

Ave < ¢ < 5, 0 Ypuuuixog undywpog L dev TéUVEL TO xamdxnt YWVIaxhg

oxTivag € xat X€VTpou U, OmoTE

’LﬂC’(u)} =0.

(n—=1)
Av 0 < ¢ <e, 0L téuvel 10 xamdxt yovoxng axTivag € xon XEVIpou U o
éva (n — 1)—didotato xandxt, Tou onofou 1 ywviaxh axtiva utohoyileton we

edne:
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cos e

7 7 4 2 4 — 2 4 —
Av z 1) {nrotpevn yovia, t6te da €yovye 6T cosz = §, 6mou a = =5

CO;
cosg X Gpa " TOUY| TOU urcoxoapou L ye to n—dtdotato xamdxt

(EVTPOU U Xo1 YOVIUXNS axTivag € efvon éva (n—1)—38dotato xandx: YOVIIXNC

Onére cosz =

axtivag arccos(gog ) xou
_ arccos sg:;
2
LN Cw)|, 0 / n"~! 6do
(3) 0
FEtotave <o < %,
W (L;u) = ‘Lﬂ{C(u)UC’(—u)}( =0 (2.1.4)
xuwov 0 <o <e,
arccos fé’fd‘i
2 n"= 1
W (L;u) = ‘LQ{C(UUC(—U)} ( 1) @ / 0do
() 0
nTﬂ n 2
0 = " = __en 2.1.5
Far ENCIMS (CRSY 219
xadoe 0 < arccos(cosg) <e.

BHMA 6.

Kpatwvtag otadepd tov L Yo vnoloyicovue v mdoavotnta, av 10 u emheyel
tuyaia oty S"L 1 ouunhnpepatind Yovia tne ofeluc yoviag petafh Tov u
xou v, va efvon petall twv ¢ xor p+0¢. Av ovopdooupe S(u) Ty entpdveta Tne
ogapxnc Lwvng, didotaone n — 1, Tou TalpVoupEe ano TNV Tapandve anaitno,
1 {nroduevn mbavotnto Yo elvan

15 (u)|(n-1)
‘Sn_ll(n—l)
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Oéhoupe va unoloyioouye TV oupi emigdveta, to [S(u)|p_1). Av Je-
wpfoovye yovia P, ye ¢ < ¥ < ¢ + d¢ xou Véooupe x = sing), 1ot
costh = V1 — 22 xau sing < x < sin(¢ + 0¢).

Ondte 7 empdveo Yo lvon

(1-2%)"%"

(n _ 1)7Tn71 /sln(¢+5¢) 9 n—>2 dw
sin ¢ Cos 1?

UL L P
L(z+5%) Jsing cos
n—1 .
e psin(@+ee)
= (n < )Wn2 / cos" 3 hdx
L(z+3) Jsing

we x = cosv, Y € [0, 7).

Ondte 7 emgdveia g ogopixhic {ovng Vo ebvar tepinou om ue

(7;(—51_?_7(3)2 cos" ™3 ¢(sin(¢ + (5([5) —sin d))
~ DT
LT
N VR
Ty 00

Yuvenoe 1 {ntoduevy miavétnta Yo eivon

n—1

Fl+35)(n—1)r=2

2
2 7
nw2 F(% +35)

cos" 2 ¢ 8¢
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BHMA 7.
‘Onwe meptypddape xou 610 Bhua 4., Yélouue va utohoyioouvpe Ty péon Tiun

N
e V-1 (L;ul, . ,uN) = ’L N Bn’(nil) — > W(L;u;). Apyxd bpwe uno-
i=1

hoyiCouvye tny péon i, tne W(L;u;) e tyv BoRdeia tov anoteAeoudtwy oo
Briwata 5 xan 6.

arccos( % )

e2n—DI'(1+ 2 2
=/ (n ; A Chs 2)cosn2¢(2w - / sin ! 9d9>d¢
o nrel(i+

n—3

_2n-DIPA+3)2m 2 f < R >
T @i+ o) /OCOS ¢ O/ sin ' 0df |dp (2.1.6)

"Totepa and npdéelg xat UToAoYIoROUS Toug onoloug Vo teplypddouue 6To
Briwa 9, xatahyoupe 610

E(W) = |L N Bp|n-1)x

2(n —1I(1+ %) [ gntl gnt3 gnt3
n

1
I} + gt DRV )

(n+1) 6(n+3 + O(En%)}

(2.1.7)
Onéte yio v péon 1h e Vi1 (L;ul, . ,uN) Yo €youue

N
EVp 1 (L, ... uy) = E(]L N Bn\(n_l)) ~ B WL w))
=1

= LN Bul, 4y — NE(W(L;uw)),

aot ot tuyaies petafintéc W(L;w;), i =1,..., N, eivat 106vopec.
‘Evot, and v oyéon (2.1.7)

EVai1(Lyuy,...,un) = |LOBa|(, 4y = NILO By, )%

2n —DT(142) entl entd gnt3 n
; [n(n D 6t nminmis OC )
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= LN Bx, 4%

2(n _ I)F(l + ﬁ) €n+1 €n+3 €n+3 "
ll_N ) ) (n(n+1)_6(n+3)+n(n+1)(n+3)+0(8 +5)>]

= |L N Bu|m-1yry ", (2.1.8)
6Tou
2(n —1I'(1+ %
e [ y2 e
O+ gt
1
n+1 n+3 n+3 n—1
(20 o)
nn+1) 6(n+3) nn+1)(n+3)
_ 1 2N(n—-1)r(1+%) y
- 1
"1 TG+ et
n+1 n+3 n+3
-y ——° + O(e" )
nn+1) 6(n+3) nn+1)(n+3)

2N(n—1)I(1+ %)/ ent!
+O< 0+ 2)rt <n<n+1>

5n+3 6n-|—3 " 2
613 Tnmtnmrs € +5)) )

Av 1o N emdeyel énog oto Bhua 2, (dnhady va ixavornotel Ty (2.1.1) ), éyoupe

. 2NF(1—|—T2L)( 6nJrl 2,571+i’> €n+3
n

— n+5
r(%+g)ﬂé (n+1) 6(n+3)+n(n+l)(n+3)>+o(€ )

ro =

Anéb v oyéon auth xon tny (2.1.2) éretan 6Tt

2NT(1+ %) gnt3
F(% +2) n(n+1)(n+ 3)

ri—ry= + O(Ne"9),

onoTE
re>1re

VIO OPXETS Wixpd €.
Av
vy ‘= EVn,1 (L7 ULy - ,UN)
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xou
2N(n—1)I'(1+ %) gnt3
B=|LNBu|, — (2.1.9)
I(3+2)n2 n(n+1)(n+3)
Tpdogoupe 11 = vo + 33 > vy, ondte
vi = |L N By, 4%
2N(n—-1)I'(1+ 2 n+1 n+3 n+3
<1— (n = I+ 5) (-t >+O(Ns”+5)>
[t g D) 6@ a0
ON(n— 1)I(1+ 2 ent3
+*|LﬂBn|(n—1) ( ) 1 2)
3 r(t+ )7z nln+1)(n+3)
= ‘LmBn‘(n—l)X
( _2N(n—1I'(Q+ g)( gntl B gnts
F(%+g)7r% n(n+1) 6(n+3)
42 e ) + O(Ne") (2.1.10)
= £ 1.
3n(n+1)(n+3)
BHMA 8.
Oua unoloyioouue TOpa TV mavoTTA Vo 1oy DEL
Vo1 > 11
6TaY 0 UTOYWEOS Eival 6 TAVEQOTOMUEVOS XAt T U1, . . ., UN ETAEYOVTOL TUY o

oty S"L Eote p(v) n mdavétnta va woyer Vi1 = Vopo1(Ljug, ... un) >
V.
Apywd Yo unohoyiooupe v péon Tl e exp(AVy—1), A > 0 xa oty
ouVEyEld Vo YPNOLLOTOIACOUPE TO ATOTEAECUO Yol VoL TAEOLUE Wial exTiunom
Yo T p(v1).

N

Eexp(AV,_1) = Eexp (A\L N Bl 1~ N> W(L; ui))
i=1
N

= exp <A\L n Bn\m_l))Eexp(*A > WL “Z’))
i=1
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= exp(A[L N Baluyy ) (B exp(—AW (L; ui)))N,

agol T U1, ..., un ebvon aveZdpTnTa.
'Eyouue 6et 0T, av 1 GUUTANEOUATIXY YoVid ¢ Tng Ywviag tou oynpatilouvy
To £u, v, émou v ebvar éva povadiato xddeto didvuoua oTov undyweo L, elvan

n—2

e< ¢ <G, t6te W(Liu) =0,evd av 0 < ¢ < ¢, tote W(L;u) < %5”,
2
(oyéoeic (2.1.4),(2.1.5) ).
Av ndpouye
ra+3

A= T0EE) a2y (2.1.11)

pe 0 <9 < 1 xw n aveZdptnto tou g, téHTE Yo € < 1 1oylel 6Tt
Asup W (L;u) < e?n < 1,

6ToL To supremum houBdveTor TAVE and GAOUC TOUS LTOYWEOUSC TOL GYNUo-

’ 7 7
tiouv Ywvia ¢ ye t0 u, apol

Asup W(L;u) < " =¢e’n< 1.

™
_— = 8 S —

7 I1+3)
Ané v avioétia e ? < 1 —z + 322, yia 2 > 0, nedpvoupe 6t

exp(—AW (L;u)) < 1 — AW (L;u) + %V(W(L;u))2

<1 =AW (L;u) + %AEQT;W(L; u).
Onodte yio Ty w€om Tt loylet
Eexp(=AW(L;u)) < 1—-X(1- %5277)E(W(L; u))
< exp(l— %5277)E(W(L; u))

and Ty avieota 1 —x < e, x> 0.
Ko étou

Eexp(AVy1) < exp[A| LN By, ~ AN (1~ %EQn)EW(L; w)].

Av hownéy p(v1) ebvon n mdavétyra va woyder Vi1 > v, and my oviedtnta
Markov, naipvouue 611

p(v1) exp(Avy) < Eexp(AVp-1)
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Onéte
p(v1) < exp(—Avi)Eexp(AV,—1)

1
< exp| At + AL By, _y) — ANEW (L;u) + SANEEW (L))

Anb v oyéorn (2.1.7) xou toug optopolc twv B xa v oyéoeic (2.1.9) xa
(2.1.10) avtiotowya, éyouye Ot

1
v1—|LN Bn{(nfl) + NEW (L;u) — §N527IEW(L; u)

=1+ %ﬂ - ‘L N Bn’(n_l) + NEW (L;u) — %N{—:%EW(L; u)
= |LNBul,_y) — NEW(L;u) + %ﬂ =L N Bal,_y
+NEW (L;u) — %N€27]EW(L; u)

11,
= §ﬂ - iNE nEW (L; )
2(n—1)NT(1+12)  en+3

ATl +1) it D(n+3)

2(n — (1 + 1)
n—1) L1 x

1
= g{L N Bl 4

1
—§N5277\Lm3n\(

m2l(3 +3)
n+1 n+3 n+3
[ o)
nin+1) 6(n+3) nn+1)(n+3)
2(n — 1)NT(1 + 2 n+3
:1|LﬂBn‘(n71) (n 1 ) ( +2) 2
3 (3 +2) n(n+1)(n+3)
1 2(n — 1)1+ %), entt n
—5N52n‘LﬂBn‘(n_1) Ry a— 2 ( 7 +O(e +3))
2F(§ + §) n(n + )
1 2(n —1)NT(1+ 2) gnt3 1
> *|LQB"‘(n71) 1] 2 = -0,
6 (3 +2) n(n+1)(n+3) 6

4 _ 1 7 ’
av TCO(POU“E n= m nL e O(pXETO( PJ.XPO.

_1

H teheutoia aviodtnra emtuyydvertar yiarl, av TpOLUE 1) = i3y, 1 aVio6ThTa

loodbuvauet ye TNV
2(n —1)NI'(1+ %) gnt3

1
~|LN By,
6| ‘(nfl) W%F(% + 2y n(n+1)(n+3)
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1 2(n —1)I(1+2) /1 ntl
>*N52‘LﬁBn|(n_1) (nl )I( +2)( € +O(£”+3))
2 mi0(L +2) 4n(n+1)(n+3)
’ 3 3
1 nt 1 n+
R s> ¢ 1 20(en)
3n(n+1)(n+3) " 4n(n+1)(n+3)
1
46n+3 > 36n+3 + 620(6n+3)
1

€n+3 > 620(571-"-3)7

10 0molo oY UEL YIa UPXETA YUXEA €.
Onéte vty p(v1) and uc oyéoeig (2.1.9) xon (2.1.11), naipvoupe ot

p(v) < exp(—é)\ﬂ) = exp(—ype "2 Ne"t?),

6mou Y, > 0 mou e€aptdton Lovo and Ty didoTao n.

To N Yo emheyel dote va ebvar e té&ne tov €%, a > 0. Ondte p(ry) <
exp(—'yn55_“).

Oéhovye 10 p(r1) va teivet oto 0, yia ¢ — 0, ondte Va npéner va oy le
5—a < 0 dnhadh a > 5. Emiéyoupe howndy a = 5%, Goor N = [s_%} + 1.
Abyo g oyéone (2.1.3) npéner va toyder n > 2a + 1, dnhadh npénet n > 12.
H oyéon (2.1.1) v onofa exnfong éyouvpe anautfioer, (n > a + 3 ), TpoQave
iavornoteitar. Me aut) Ty emhoyt €youue

1
p(v1) < exp(—7ype™ 7). (2.1.12)

BHMA 9.

[Tpaye wa extipnon yio Ty mdavétnta v toyvet Vi1 > vy.

Hpw mpoyweHCouUE OTNHY UEAETT) TNG XATAOKEUNS TOU COUATOG K(ul, ey uN)

mou Yo amoTEAEL TO AVTITAPAEdELYHo 610 TEoBAnua Yo n > 12, o ddoouye uio
anddelln tne oyéone (2.1.7):

E(W) = |LN By|n-_1)x

Q(TL — 1)F(1 + %) [ gntl _ gnts 4 gnts + O(€n+5)
'+ %)W% nn+1) 6(n+3) nn+1)(n+3) '
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Ano v (2.1.6) éyoupe 6Tt

arccos( oo ; )

2 DI+ 2217 2, ( . )
E(W) = nF(%)F(%—i—%) /0 cos" 7 0/ sin” ™" 0dO ) d¢.

Oétovpe 0 = arccos(zzz¢), oo cos b = Egzg, onéte sin 0df = %dw. Omndte

arccos( EES; )

I:= / cos" 2 ¢< / sin™ 1 «9d9> do
0
0

arccos( gg:;)

= /6< / (sm 0) T cos™ 2 ¢sin 9d9) do
0 0

arccos( £ ; )

= /5 ( / (1 — cos? 9) " cos™ 2 ¢sin 9d9> do
0
0
TN R
_ /Os (/(:(cos? fOSQ(;SOS ¢) (s;z:/; @ZJ) cos™2 bdd
_ /05 (/;(sinzw ~ sin? ¢) Smﬁddz) d

_ /0 ) /0 Y <sin2 o — sin? ¢) Slwdqbdz/}

08 ¢
Topa, enetdh sinty) = 1 — éw?’ + pO(Y*) xou sing = ¢ — %qﬁ?’ + ¢O(¢h),

Eyoupe 6T
sing —sing = ¥ — 6 — (1" — 6%) + (¥~ 9O
== 6= (= O+ Y6+ ) + (6~ H)O(H)

= (6= 0)(1 - (7 + 96+ ) + O(Y)).
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xou
sing +sing = (1 + 6) (1 — = (62 — o + 6%) + O(cY)),

6
o 0 <9, 0 <e.
Onote,

sin g — sin® ¢ = (4 — 6) (1= £ (47 + 96+ 6%) + O("))
(+6) (1 £ w6+ %) + O(H)
= (7~ ) (1= 5@ + 90+ )+ O(H) - (7 — w9 + &)
g (07 + 00+ )P — Yo+ ) + O
= (7 = ) (1 502 + ) + 360+ 6+ 926) +O(H)
= (4~ ) (1- 307 + ) + O("))
= - ) (1- 392 + 557 - ) + O(")

oo
(st —sin? ) T = (w2~ g2 (1- 22 4 Lt ) v 0e) T
- =T L B (et g - 40

Emnhéoy, agot —— =1+ 14 + O(¢), éyouye

cos ¢

singg 1 4 4 1, 4
cosg = WV TPOED) (L4 50° +O(h)

=y(1- éw +0(M) (1+ %¢2 +0(e")

1 1 1
= (14567 +0(") — cv? = 5v*6* + O(eY))
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= ¢(1 + %uﬁ - %(@zﬁ —¢?) + 0(54)) (2.1.14)

Onoéte Yétovtag oto I, ¢ = t, nalpvouyue

9 n=28iny
I—//smw sin? Rqﬁw

:/0 (/0 (sm 1) — sin wt) kR S;zlftwdt> dvy

ano Tic (2.1.13) xoun (2.1.14)

€ 1 n—2 _ —
=[] vt vy (1= 27202+ 5207 - )+ 0(e) x

(1+ le - 1<w2 — %) + 0(54))wdt] dyp

/[/ g1 (14302 - 507 - %)

”‘2@ —0P) 4 O(e) )t )

_ 2
¢+6

3
/[/ Y1 — 12" (1 —n;31/12—|—ng5w2(1—t2)+0(54))dt}dw
. n n22_n—3 n+20q _ 42\%52
- [ wra-eys -2 -
+n g 51/}n+2(1 o t2)% + O(€n+4)>dt:| dw

5 1 ne2 -3
:/ / (1—t2)T(¢”—L3 Y2 dtdy
n_5/ / W1 %) B dbdy +2O( )

/0(1—t2) /(W ;3w”+2)dwdt

n—>o 1 n
/(1—t2)2/ Y P2dpdt + O(e" 1)
6 0 0
1 .41 n-=-3 1 .4 /1 g =2
= — — 1—t%) 72 dt
GF1° e LN A
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n=5 1 . 2\2 +5
—e" 1—t“)2dt "
e [ a0y

AvuxadoTovTtag T oyEoe

xou 1
! n 1 2T (%
[a-eia=g )
0 2(n+1)("5)
(BA. oyéon (1.3.3) ), n (*) yivetu
1 n+l n—3 1 6n—‘,—3 lﬂ-%l—‘ %)
n+1 3 n+3 2 I(%1)
n—5 1 .31 nr2l(§) n
cnt3 2 40 +5)

:1W2F(g)[ 1 o
2T(2H) ln+1 3 n+3
n-»5 1 N n+3 n+5
S mry . O )
1
_1meD(g) et n—2 43 nt5
S 21 [n+1_6(n+1) +ol )}
Onéte n péon Twh e W(L; u) Yo eivon
n—3 1
2(n —1)m 2 m2[(§) ent! n—2
EW(L;u) = " OoE
() = =Rty ap(ag) s . o€ )
n—2 n n
= (n—Dr =z 205+ 1) [8 i n=2 a3 + O(g"+5):|
reety ey bn+ 1 6(n+1)
n—1
_omz 2n-1)T(5+1) et n—2 a3 n+5
GO [n(n—l—l) 6n(n+1)° +0(e )]

31



32 KE®AANAIO 2. APNHTIKH AIIANTHYXHTIA N > 5

+ O(6n+5)

2(n — 1)T(Z +1) [ et e e
F(HTH)TF% n(n+1) 6(n+3) n(n+1)(n+3)

nafpvouye dnhadr tny oyéon (2.1.7).

BHMA 10.

Yuveyilouge Ty yerétn g xotaoxeurc tou K (u1, ..., un). Ytadeponotodue
1o u€ S"!

Av 1 o&ela yovio tou oynuatilouvy ta fu,+v, 6mou v yovadodo dtdvucua
uddeto ooV undYweo L, eivon § — ¢, opiloupe ¥ := min{e, ¢}.

H noscétnra W(L;u) e€aptdron and tov (n — 1)—didotato uvndywpo L xou pe
v porflewa tov oyéocwy (2.1.4) xou (2.1.5), unopolye va ypddoupe

Cos €

n—2

T arccos(cos )

W(L;u) = ;f(;) / * sin"1 gde.
2 0

BOewpolye thpa évay deltepo (n — 1)—didotato ypoppxd undyweo L', ye
povadiado xdieta draviopata v, o onofa oynuatilouv pe ta u ofeia ywvia
5 — ¢'. Opiouye ¢’ := min{e, ¢’} xau €youpe

‘W(L'; u) — W(L;u)|

n— cos e cos €

2 n—2

9 arccos(22%) 2z arccos( 5o

:’% / " s gdo — 25 / " sin"1 9do
F(f) 0 F(f) 0

s

27'(' 2 ‘/arCCOS(CONp/ nn—l gde‘
al

ﬂ COS €
2 rccos(

Xoplc PAEPn e yevixétnrac pnopolpe va Yewphooupe ot ¢ < . Téte

cos g cos e

con? < cosp- Emedh) tohpa

cos e cos €
arccos < 0 < arccos( —
cos cos Y
énetan 6Tt
Cos € - o< cos €
——— < cos
os i/ cos
oot
) cos? e S sing > cos? e
— ———— >sin -
cos? )’ cos2 1
Xl

cos? e g2 2
1/1 coszd)’ V1= cos?e \/1—(1—24-'”)
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—\/1— 1—52+054) Ve2+0(ed) =

Onére sin” 10 = O(e"1). "Etot éyoupe 6t

|W(L';u) = W(L;u)|

arccos( P 1/)’ L
& ‘ / sin"~ edej
5 arccos( oo e )
_ cose cos€e
=0l 1‘ arccos<7/> — arccos( ) ‘
cos cos 1

cos? )’ —cos?e _ cosZ 1) — cos? e
=0 arcsin { | ——————— — arcsin

cos2 1)/  cos2y

cos? p—cos?e __ 1— cos? e <
cos? 1) - cos? 1) 2

’ 7 T 7
Y1a emopeva teplopllopacte o€ € < 7. Tote

H ouvdptnon arcsin eivon Lipschitz oto didotnpa [0, \/g], on6TE

of en—1 . cos? 1)/ — cos?e . cos21) — cos? e
€ arcsin | ——————— — arcsin

cos2 1)/ C cos?y

0 n—l‘ cos? 1)/ — cos?e cos? 1) — cos?e ‘
= E —
cosZ )’ cosZ )

Mrnopotue vo vnodécoupe 6t ¥ < €, agol av ¥ = ¢ = € oy RopAndve
oyéon natpvoupe 0.

cos?p’—cos?e  [cos?yp—cos?e
cos2 )’ cos? 1
Oelg Mpdlelc TalpVoupE 6Tt loo0TL UE

[oto EXTEAWVTOC L0l GELRYL OO O TOLYELD-

‘ \/sin2 £ —sinZ ¢’ \/sin2 £ —sin? ¢ }

cos i/ cos 1

‘ cos? ¢ (sin’ e — sin? ') — cos? ¢/ (sin? € — sin” ¢)) ‘
cos )’ cos (cos y/sin’ e — sin? ¢ + cos '+/sin® € — sin? ¢>
B |sin? ¢ — sin?¢’|(1 — sin?¢)

‘ cos Y’ cos ¢ (cos /sin? e — sin? ¢/ + cos)’'+/sin’ € — sin? 1/1) ‘
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H nopdotacn auth gedoceton and v

| sin¢) — sin 4’| (sin v + sin ')

c1/sin? e — sin? ¢

i

xau yenotoroldvTac Tic aviodtntes 2 < sinz < @ xou |sinz —siny| < |z —y|,
€)OUUE YOl TOV PEV apidunTy oTL

|sinyy — sind)’|(sin e + sing)’) < |o — |29 < i — o|2e,

Yia Tov Og mapavouao T, éyoviag unoléoel 611 0 <P <e < 7,

sine —siney > f(a — 1)

%o
. . . 2
sine + siny > sine > —¢
T
Onére Y Y
2 2
sin? e — sin? ) > 75(8 — ) > —e( — ).
T
Etot

| sin ) — sin 4’| (sin v + siny)’) - |t — |2
c1/sin? € — sin® @ T VeV -
dedouévou 6Tt o € elvan wixpd xon 0 < 9 <o <e < T
Onéte tehixd xatahiyouue otnyv oyéon

) \/sin2 g —sinZ 1’ \/sin2 g — sin? 1)

cos i/ cos

< evely — |2

[=o(=Hw—v'}).

Apa
|(W(L';u) — W(L;u)|

_ O(g”l‘ V/sin? e — sin® ¢/ B Vsin? e — sin2¢’>

cos Y’ cos Y
=0 —vlE) = 0(=" e - ¢13),
aol ¢ = min{e, ¢} xou Y’ = min{e, ¢'}.

Av O(L/, L) eivan 1 oela ywvia mou oynuatiCouy ta dlo xdideta duvhouara
TV uroywewy L xor L', v xdide tuyala enthoy? tou u éyoupe ot

W(L0) = W (Lw)| = O("3 (6L, 1) ?),
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gt |6 — o] < (L, L).
Av tdpa Yewproovue wor tuyaior EMAOYH Ul, . . ., UN, Tolpvouue 6Tt

}Vn_l(L’;ul,...,uN) — Vo—1(L;ug, . .. ,uN)’

1

_ O(Na"_2 (@(L’,L))%) _ O(En—f)%(@(L’,L))%),

oedouévou ot €youpe emhééet N = [575%] + 1.
Eiyaue oploet (ye tov tono (2.1.9) ) o

G- |LnB,), Moo DLA+E) e
e PG e n D +3)

-2

1
10 onolo elvanr xdtw Qpayuévo and ce" 1, ye ¢ > 0 otadepd, agod N =

[e75%] + 1. Onére
Va1 (L5un, .. un) = Ve (Lyug, .. un)| < %ﬁ (2.1.15)
av époupe [O(L/, L)| < &8 xau € apxetd wxpd, diom
O(s”_5%(®(L’,L))%) = 0(e"Piet) = o 1),

BHMA 11.

Oewpolpe éva 6OVONO ONUEiwY V1, ..., vy Tdvw oty ST étol dote Ta
obvoha C(vj) U C(—vj), 7 = 1,... M, bémou o yoviaxés axtivec malpvovto
foec pe 3€%, va v emxehlntovian x 1ot Gote to mhAdoc M va eivar To
HEYLoTO BuVITO.

Téte 1 (n—1)—0ido totn ETYEVELRL TOU XUAVTITOUY To XATdxtor auTd Efvor Qpary-
pévn and TV cuvoixy emipdveta g ogaipoc Tou R". H emgdvero mov xahbntet
évor xamdon yoviehe axtivee 38 ebvor e popghic ce® 1) énou ¢ > 0 ota-
Vepd oy efaptdtan and Ty didotacy. Luvende MceedD
emadverr tne S"L, ondre

< s, 6Tou S 7

M = O(e 81y,

Av Yewpriooupe éva povadialo didvuoua v, Yo undpyet €va and Ta V1, . .., U,
10 onofo Yo oynuatiler ue o v ywvia 6yt ueyahhtepy and 5.
"Apa, av ndpoupe toug (n — 1)—didotatoug uroydpous L1, ..., Ly nou éyouy

o0 21, .., oy oc xddeta Saviopatd Toug, TéTE Yo évay doopévo (n —
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1)—=8tdo tato undyweo L, Yo undpyet éva j, 1 < j < M yia 10 onolo Yo toylet
O(L, L;) < &8. Téte and v oyéon (2.1.15) Do éyoupe 6t

Vn_l(L; Ulyenn, UN) < Vn—l(Lj; UL,y ,UN) + %ﬂ (2116)
Yiot oToWdNTOTE povadiola BIavOoUAUTO UT, - . . , UN -

Ytadeponowobye toug Ly, ..., Ly, naipvoupe N = [z—:_%] + 1 xou emihé-
Youpe (opotbpoppa oty S w1 aveldptnta wetalh Toug) ompeta Ui, . .., uN.
N xdde j, 1 < j < M, and vy oyéor (2.1.12) nalpvoupe dtu 1 mdoavétnta
va toyler Vi1 (Ljsur, ..., un) > vy elvon wixpdtepn and exp(—’ynefi).
Luvenog i mbavotnta va undpyet xomowo j, 1 < j < M yio 1o onoilo va toy el
Vo—1(Lj;u, ..., un) > vy, o ebvon 1o TohD

1

M exp(—yne™ 1) = O(e 730 exp(—y,e71)).

‘Eyovtag mdpet wa extipnon yia ty mdavotnto va undpyet xdmoto j, 1 <
J < M, yu to onolo Vp—1(Ljsut,...,un) > v, unopolue vo emthéEoupe
’ ] ’ 7 / ’ ’ s 1
xatdAAnha 1o €, €T0L DHOTE ) Tcln‘}ocvormoc auTy) va glvar pixpotepn and 5. Ki
auté yroti e 3 exp(—7,e71) — 0, xodde € — 0F.

Apo n mdavétnTa va 1oy de

anl(Lj; Uy .-y UN) < vy,
i xdde jue 1 < j < M efvon peyohltepn and 3.
Emniéov, 670 Brua 3 vnoloyloope tny miavotnta vo URdeyouy ETXOAD-
et ueto€h TV N Bimh@v xomonoy xou edoge 6Tt yiol XATIAANAY emAoyT
1 -

Tou N 1 mavotnta auth ebvon wixpdtepn and 5. ‘Etor  mdavotnta va uny
emxohOTTOVTOL avar 800 Tor SImAd xamdneiar Vo elvon peyaAlTERY oo %
Suvenae ebvor duvatd (Vetied mdavétnta) va emheyoly ug,. .., uy € S™!

OOTE VoL LoYUOUY TAUTOYPOVA Ol

i. ava 8o ta ogapxd xandxa C(u;) U C(—u;), @ = 1,..., N, va unv
EmxahOTTOVTAL,

ii. Vn_l(Lj;ul,...,uN) < w1, vy xdde g, pe 1 < j < M.

‘Etot Yo éyoupe 6Tt 10 x0ptd ouppetpind oopo K = K (uq,...,un), 1o onofo
AATAOXEVALETAL aQatEVTaS and TNy By 1o N ogoupixd xamdxiol xatdhAning
yowviaxhc axtivag, Ya éyet dyxo

Va(ut,...,un) = [Bn|m)rt
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6Tou

'l+%) (e n
—1-2N (= - L L O(Nem),
" ot 1 6(n+3) +O(Ne"™)

(oyéomn (2.1.2) ).
Ennhéov, vy x&de (n — 1)—didotato undyweo L, and tnv oyéon (2.1.15), da
oy det 6Tt Yo xdmotov undyweo Lj, 1 < j < M,
1
| K (u, ..., uN)ﬂL](n,l) =Voo1(Lyug, ... un) < Vn_l(Lj; UL, .- ,’U,N)—i-gﬂ

xou and o il.] xo tic oyéoec (2.1.9) xan (2.1.10), eivan

1
S v + gﬂ = ‘LmBn‘(nfl)X

_2N(n-1P(1+ %) ( gntl gnt3
T(+2)r: n(n+1) 6(n+3)
€n+3
“ O(N n+5
3n(n+1)(n+3))+ (e )}
+1|LQB | 2N(n—1)I'(1+ %) gnts3

[1 2N(n- ”F(lf 5.

L+ )
8n—l—l 5n-l—?) 671—&—3 N
{n(n U 6(n+3)  Bun+)n+3) }+owe +5)]

= |L N Bn|(n_1)7"gb_1,

ooy IN(n — I(1 + 2)
n— + 3
r3 = 1-— ( 1 1 2 X
F(§ + %)TFE

1

n—1

En+1 6n—|—3 671-1—3 "
{n(n—|— ) 6(n+3) 3t D(nt3) } +O(e +5)]
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o 2NT(1 + 3){ gntl B gnts3 N gnts }+ O(Ne™+5)
4+ %)77% n(n+1) 6(n+3) 3n(n+1)(n+3)

n+1 n+3 n+3

OINT(1+2)( e e e n
(s et G w7 s e o))

H enoys tou N xot ¢ Sidotaorne n éyet yiver étor Gote to N2 12 vy eivan
wxpétepne T8Eng and to Ne™ 5 ondte 10

O((er(l + g){ €"+1 6n-&-3 6n-|-3
n

— n+5 2
I+ %)7?% (n+1) 6(n+3) +?m(n +1)(n+3) }+O(N6 )> >

UTOPOUUE VoL TO PREOULUE UE Wa ouvdpTnom Tne TéEne Tou Ne ™.

‘Etot Yo €youpe

QNF(l + %) 8n+1 6n+3 6n+3
r3 = 1— {
n

- n+5
T} +2)rz In(n+1) 6(n+3)+3n(n+1)(n+3)}+O(N5 ).

Mrnopolue va mapatnefiooupe ott €yovtag emAélet xatdhinio N xou n > 12
and v oyéon (2.1.2), naipvouye bt
2NT(1+ %) gnts

T AL+ D) 3n(n+ D(n+3) +O(Ne""?) (2.1.17)

r3=rmT

(Av N = [675i} +1, yio var ndipet To 71 auTh T pop@t| apxel vatoylet n > 9.)
Hapatnpotue dnhadh 6Tt yior apxeTd tuxpd € 0 8ebtepog bpog aTNY oYéon auTH
elvon peyaidvtepng td€ng and tov tpito, ondte oylel 6Tl r3 < 7.
[ var xataoxeudooupe Aotndy 1o xatdhAnho xuptd cupueteixd ahuo K* g
nopphc tou K (u1,...,un) mou Yo pog dWoet 1o avtinapdderypa, Yo npénet vo
{nthoouye

‘K* N L|(n71) < |B,N L‘(nfl)v

yio x&de (n — 1)—8dotato undyweo L, eved

Av ndpouye
1
K* = ——K(uy,...
\/F;Fg (ul) 7“Aﬂ

xou € > 0 apxetd wxpo, Yo €youpe

1

173

‘K*QL|(H,1):| K(ul,...,uN)ﬂL‘
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1 n—1 T3 %
S ( )E‘BnmL‘(n_l)Tg = (E) |BnﬂL|(”_1).
rirs) 2

Kt enedn] yio xotdAdnho wxpd € > 0, 73 < r1, nalpvoupe Ot

|K* N L‘(n—l) < |Bn N L|(n—1)'

Ko
% i 1 . 1 n . 1\ 2
K () = |\/"T"3K‘(”) = )t 7| Bulny = (773) 2|Bnl(ny > |Bnln)-

2.2 AvTtimopddsiypa yia n > 10

Meévyiotec TopEg xUPoU

Eotw H évac (n — 1)-8idotatoc ypopmuxde vndywpoc tou R™ xat a =
(a1,...,a,) € R" povadiaio xddeto ddvuoua otov H. Trnodétoupe ot n > 2
xan |a;] <1, yiwbhatai =1, ,n.

OpiCovye f = fir : B —> [0,4+00) pe f(r) = |(H + ra) N Qul. H £(r)
onhadt elvon o dyxog didotacng n — 1 tng topng Tou @y pe €va unepeninedo
napddinho otov H nou Beloxetoan oe anbotaon |r| and avtdy, énov @, =
[—%, %]” C R™, o povadiaioc xGBoc.

H vnédeorn 6t n > 2 xau |a;| < 1, yra xdde i = 1,...,n, eZaoguriler 61
o H Bev eivar nopdhhnhoc oe xapio €dpa tou Qp, agol 10 a = (a;)7; dev
unopel va elvar xdnoto and ta £e;. Ondte 1 f ebvon ouveyhc (BA. eoaywyixd,
nopayp.1.3 ;npbraon 1.1).

Me mdavodewpntinéc pedodousc UTopOUUE VO THPOUPE WOl EXPEOCT] YId TO

f(0) = [HN@nl.

Eotw X1, ..., X, aveldptnte Tuyalec UETABANTES, OUOLOUOPPA XUTAVEUNUEVES
070 [—3,3]. Av (Q,p) o ybpoc mdavétTag otov onolo opioviar ot X, i =
1,...,n, téte N xatavops; Tou tyaiou davicyatog (X1, . .., Xy) eivou to uétpo
Lebesgue 610 Q. H f elvar cuveyric ondte

Oloxhnpovovtag v f(t) = |(H + ta) N Q| naipvovye tov n-didotato byxo
ToU TPRUATOS Tou xUPBou mou oynuatileton and OAeg T TAPIAANAES TOPES TOU
H xato tny pgetatéomon tou oty xatedduvon tov a pe 7 — s <t < r + s.
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O éyxog autdg ebvan (6o pe Tov GYx0o Tou TPRHATOS Tou xUBouU Tou Talpvouue
and Tic Topéc Ghwv Ty utoywewy {x € R" : (z,a) = p} ,r—s<p<r—s
pe tov x0Bo, dnhadn

flr)= 025/ f dt—hm—]{xEQn.Hx ay —r| < s} =
limi T € Qy: naixi—r <s zlimip naiXi—T <s).
s—0 28 P s—0 2s =

Anhadi, 1 f ebvar ouveyhc ouvdptnor tuxvétntac e . X = > a; X;. Me
i=1

yerion e avioétntag Brunn-Minkowski
Lyl ! !
|§A+ iB‘(k) > ( Al *\B’( )

yia A, B xvptd unocivoha otov R¥ Ya anodeiZoupe ot 1 f naipvel w1 uéyio
Tipn g oo 0.

O H eivon ypouuixog yopog dldotaong n— 1, ondte unopolyue va tov tauti-
coupe pe tov R 1 s étot 1) mopandve avicbtnia toyet Yio xUpTé UnocUVord,
Tou e k=n— 1.

Av howndy népovpe A = HN(Qrn +1a) xou B=HN(Qp —ra), 161 AMoyn
¢ ovgpetpioc Tou @y w¢ tpog 1o 0, toyler 61t B = —A. Eoww 2,y € Q.
Tote w = % € Qn, apol ot elvon xupTd. Apa

1 1
HNQn 2 §(A+B) = i(A_A)'

Onéte and v aviodtnta Brunn-Minkowski, nafpvoupe étt

n—1

1 1 1 1 1
FO) = [HNQul 2 54— )| > (LAl + Las )™ =14y = 1),

‘Ereton 611, av 10 v/2 efvor dve @pdyua Yo ToUC GYX0US TWY TORGY ToU Q) Ue
UTOYOEOLS Bldo taomng N — 1, 10 (810 1oy dEl Xat YLol TS TOUES TOU PE UTERETITEDA.
Kt auté pnopolue va 1o dodue wg e&hg:

Av éyoupe 6t |H N Qnl < V2, énou H urdywpog ddotacng n — 1, téte
Yewpdvtac éva (n — 1)-didotato unepeninedo E, avtd Vo elvar tne wopphc
E = H + ra xo t61¢ ye Bdomn ta mopoamdve Vo €youvpe

IENQn| = |HN(Qn—ra) <|HNQy < V2.

Kdtw gpdypa
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Ocevpnpa 2.2.1 Kdde tourj tov povadaiov kdPov Qp, otor R™ pe évay (n—
1)-6idotazo vndywpo H éyea dyxo touddyworor 1. O dykos elvar axpiBds 1 avy
o H eifvar mapdAAnlog mpos pa édpa tov Q.

H anédeln etvar dygeon ouvénela pag aning movolewpnuixng aviodtnTag,
1 omola GUYXEIvEL Wior Tuy oo UETUBANTY YE ULal OUOLOUOPGU XATAVEUNUEVY T. .
pe Ty B Ly-vopua. Tny avicdtnto authAy TNy TolpVOuUE and TO ToUpaXdTe

Adppo 2.2.1 Foww Y pa tu.  pe ovvdptnon muvkvétnras g @ R —
[0, +00). Téte y1a p > 0, wxver

1 _1
lgllool¥ llp = 5+ 1) 7.

Ioétnra éovue avy n'Y elvar opoiduoppa kataveunuévn o€ kdmowo dOidotnpa
[—t,t] C R.

Ano6dedn Tou Afppatog

Xoplc PAEBT g YeEVIXdTNTAC UTOopOUYE VoL UTOVEGOLUE 6Tt 1) Y Elvol GUUUETEL-
xf). pdrypart, av mdpovpe wa tuyaio uetafAnty X, pe nuxvétnta mdovdtntog
f, unopotue va dewprioovue Ty Y pe muxvétnto midovoTnTog

f(z) + f(=x)

g(x) = 5 ,

n onoio eivon ouppetpxd xat ot | X|, |Y] eivar wdvopec. Emniéoy,

o) = LI g
Gpat
gl < 17 e

Osre, [lglool¥llp < I1fllscl Xlps 00 ot |X1, Y] ebvon to6vopes (IX [, =
||Y\|p). Trovétouye hoindy 6t n Y etvon ouppetpwer|. Tote Bétovtag

G(x) = /0m g(t)dt, >0

éyoupe 611 G(0) = 0, G(00) = 3 ( dL6Tt 1 g ebvon dpiar ouvdptnoy ) xau G(z) <
z||glso- Ondre, dedopévou bt i GPT! eivan amohbtwe ouveyhe (arddeiln oto
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éhog tng amddelEng tou AMjupatoc) xou xdve anohltwe ouveyhs cuvdpTtnom
elvoll TO AOPIOTO OAOXAAPWUA TNE TUPAYWYOU TS, EYOUUE
1. ptl

27 = 2(3)

;) =26t =2 [T Gyt

=2 /Ooo(p +D[G(@)]'G(z) dr = 2/000(1? + D[G(@)]Pg(x)dx

o0

< (p+1)2/0 g(x)zP|gl[Sda = (p+1)||9||€o2/0 g9(x)aPdz = (p+1)|gl[SY 115

oot
1 1
5 = @+ DrllgllellYllp,
and 6mou €youpe TNV {NToluevy avicdTNTA.
Iobtnta éyovpe av g(t) = [|g]loc B 0 o.m. To eudl tou 1oyuptopol eivar

Z ’ e Z
TEOGOVES amd TG TOPATAVEL OYECELS.
INo to avtiotpogo twpa, YEhoupe va dolue ToTE Loy et

/ (G @) Po(a)de = / " gltg (@) de,

6mov G(z) = [ g(t)dt, x > 0. Oecwpodue 10 chvoro

A={z€[0,00): G(x) = z||glloc },

/ gt)dt = / lgllodt,
0 0

and brou natpvoupe 61t g(t) = [|gl|eo 0.7 6710 [0, 2], © € A. Apa, g(t) = ||9]|
o.7. 610 [0, supA].

Botw topa z € A, xau [°[G(x)Pg(x)de = [° 2P||g|bg(x)dz. Téte da
TpETEL

onhad” Yo xdie x € A,

[G(z)]Pg(x) = 2P||g]|bg(x) o.m.

Ouwe z & Axu A= {x €[0,00) : G(z) = z||g||c }, OnbTE Y1 VO 1OYVEL 7
wétnta 0.7, Yo npénet g(x) = 0 o.m. 510 A°.

H GPT givar amohhtog ouveyric. Auté unopolpe va 1o dolpe av Yewphoou-
ue Ty GPHL sav chvdeon v ouvapthocwy G(z) = [ g(t)dt, 1 onofa eivan
amdhuta ouveyfic xan tne h(t) = P+ 1 onola ewan Lipshitz oo [0,1]. Syeddv
dueca maipvoupe 0Tl 1 6OVIESY) Toug Bivel ia amOADTWS GUVEYT CUVEETNOT).
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Anddeidn tov OswpRpaTog
Eotww (a;)iy, (Xi)i, énoc napandve (|a;| < 1, vy xdde i) xou éotw f 7
OUVEYHC CLUVAETNOT TUXVOTNTAS TNG T.4.

i=1
©éloupe va delouye 6Tt
[H 0 Qn| = f(0) > 1.

Ov X1, Xo,..., X, ebvar aveldptnteg, 10dvoueg T.40., pe uéon Ty 0, ondte
€Y OupE,

EX? = zn: E((aiX;)?) = Zn:a?E(Xf)
i=1 i=1

n
Onére

Egapuélovtag 1o mapamdve AMuua Yo p = 2 xouu g = f, naipvoupe 6Tt

2;3 <X allflloo = X [12(0)

Gpoa
1< (0. ()

H f dev ebvan 0. Emmiéov 0 f ebvon muxvotntar Tng OUotoUopgng Xatavopung o
xdmowo [—t, t], ytl efvar ouveyrc.

Iobtnta oty oyéon (x) naipvoupe wévo oty nepintwon mov o H elvor
Topdhhnhoc pe pror €8pa Touv x0Bou, ywtl téte f(t) = || flloc = 1, yia t € R
tétot0 wote (H +ta) N Qy, # 0.

‘Ave pedyuno
Oevpnpa 2.2.2 Kdle toun tov povadaiov xifov Qn pe évav (n — 1)-

Sidotaro ypaupikd vrdywpo H, éyer dyro to moAd /2. To dvew gpdyua mdverar
avv o H nepiéyer pua (n — 2)-6idozatn édpa tov Q.
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ATnodedn
Ocewpolipe ta (a;)f; 6Twe TEwy, Yio To 0Tolo UROPOVUE EMTAEOY Vo UTOVECOUYE
ot a; > 0, yia xdde 4, 81Tt Aoy g ouupeTtplog Tou @y ¢ TEOC Ta xVptol £
nedat, av Yio napddetypa tdpovue a = (a, . . ., an) X a = (a1, .y, —ajy ... apn)
v xémoto ¢ = 1,...,n xou H, H o avtiotoyor xddetor mpog ta @ xo a
UTOYWPEOL, Ol GYXOL TV TOUMOY

HNQ, HNQ,

elvau toot. H anddeilrn ywpiletar oc U0 TEPINTTWOELS, AVAAOYA YE TIC TWES TWV
a;.

Yy npodTn nepintwor urnodétovye oL a; > %, yia xdmoto 7. T nopd-
oelypa ap > % Ocwpolue vy tou H N C,,, 6mou Oy, eivor 10 xUAVOpoEIdéS

Cp={zeR":|z;] < -, 2<i<n},

N

v opoyodvia mpofol T' enl tou vroywpov {x € R™ : 21 = 0} xS v
opYoyavia tpofolt| eni tou H. Téte T'(H NCy) eivon o povadraiog xHBoc otov

R 1y,
[Sell — |ISe]

|[HNCy,| = |T(HNC,)| = : (2.2.1)
" ITSell  [ITSell
6mov e = (1,0,...,0) 1o povadioio drdvuopa xat || - || 1 Evxkeldeta voppa 6tov
R™. Onéte nafpvouue
1
[HNC,| = — < V2. (2.2.2)
a

Kot cuvendc,

HN Q| < |HNC,| < V2,
bttt HNQ,, € HNC,.

Y1y deltepn nepinTtwor), €youue 6Tt a; < %, yioe xdie i. Xty nepinTwon
mou Yl xdmow i éyouue a; = 0 To npéBAnua unope! va uehetndel otov R™L.
Atbt 6" authy v nepintwon (a; = 0, yia xdnoto @), ot byxor 1wV TopoY dev
aAA&louy.

Av yio napdderypa éyoupe 6t ar = 0, t61E Vewpdvtag tov (n — 2)-8idototo
UTLOY WO
F={(xg,...,2p) : x = (21,...,2,) € H}

Ta{pvoupe Ot
H=RxF
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xot agol Qpn = [—%, %] X Qn—1, &OUUE

Hm@;ﬂRxﬂmQ—;;xQ%Q,

onhadh |[HNQp| =1-|FNQp-1].
YUVETDC, EMOYWYIXd Umopolye vo unodéooupe 61l a; > 0, yio xdde @.
Ondte 7 nepintwon g wodtnTag Yo cuvdyetal av det€oupe Ot

|HNQnl < V2,

’ 1 , ’ 7 ,
extéc av n = 2 xan ay = ay = 5. Frow o xdde térow nepinwon, mou Yo
)

G psai:aj:%, i# jxaap=0 Vk #

i,juet,j=1,...,n, 0 H Yo nepéyet wa (n — 2)-d1dotatn €dpa Tou Q.
Av vy topdderypo a = (%, %,0, ..., 0), t61€ 0 H meprypdoyeton we

€youpe dnhadf 61t a = (ar, . ..

H={zeR": (z,a) =0} ={x e R": 21 = —x2},

onéte 0 H nepiéyel v (n — 2)-didototn €dpa Tou Qn, {(—3, 3)} X Qn-o.

Avtiotpoga, av o H nepéyer ma (n — 2)-61do taty €dpa tou Qp, t61€ 0 H
éyer ™ popeh {z € R™ : 2; = —x;} vy xdnowa 4, j, onéte 10 opoxavovixd
otov H, didvuopa a Y eivar tne popghc a = (ai, ..., an) Ue a; = aj = %, i
Jxawwa,=0 Vk#ijpei,j=1,...,n

'Ectw (Xi)?zl aveldptnTee TUYalec UETUBANTES, OUOIOUOPPU XATOVEUNUE-
n
VEC GTO [—%, %] xou f m ouveyhic muxvétnta mdavétntac e X = Y a; X;. H
i=1
T @i X; €YEL YOPUXTNEIO TIXTY] GUVAETNOT)

1 .(li -(lz' . .
= 1Lt —1=tt a;
2 el _ el 2sin 2t
¢i(t) = [ e Tdr = . = 2
_ 1a;t a;t

[NIE

Ondte 1 yopaxtnetotxr) ouvdptnor tne X Vo eivou

n n

o) = [T o) = [T 2!

a;t
i=1 i=1 v

Xption tou aviioTpogou yetaoynuatiopot Fourier, n avicotnta Holder xou to

Adppo 2.2.2

av p > 2, ue wotnta avy p = 2.
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. ’
olvouvv Yy p; = =5, 1 =1,...,n, OTt

1 [ & 2sin %t 1 [% {5 | sinagt
\Han\Zf(O)Z%/ H a.tQ dtﬁﬂ/ H‘ ait ‘dt
—o0 ;. i —00 ;1 ?

- ﬁ(l /OO ‘ sin a;t |P: dt)l/pi < ﬁ(ﬁ)l/m _ ﬁ(\/i)l/’pi (2.2.3)
- T ) o a;t _izl ai\/Pi ’ -

[ootnta woyler av p; = 2, yia xdde @, OnAadh n = 2 xou a1 = as =

S

=1

-

Aentopepeic anodeilelg

Anédeiln e oyéone (2.2.1).
Yuppohilouvye e T' tov mepiopiopd o1ov utdyweo H tng oploydviag mpofolie
otov {x € R" : 1 = 0}. Toyder 6

IT(H N Cy)| = |detT||H N Cy).

Av 0 7 ywvia nou oynuatilet o undywpoc H pe tov undywpo {x € R™ 1 21 =
0}, 0<6< 73, t6te

TSl _
[Sel

os 6

Av tdpa Yewphooupe o oploxavovixh Bdon { fi} tou (n — 2)-didotatou
undywpeov H N{z € R" : 21 = 0}, unopolue va ndpoupe wa opdoxavovixn
Bdor otov H, (fl, .. .,fn_g,n), 6mou 1, xavovixd didvuoua otov H xar wo
opYoxavovixy Bdorn otov {x € R : 1 = 0}, (fl, .. .,fn,g,f), & xavovixd
ddvuopa otov {z € R™ : 21 = 0}, pe 10 & va eivan ouyypappixd e v TpoPold
Touv ) otov {x € R" : 1 = 0}.

Téte o T : H— {x € R": 21 = 0}, npofBdiher ta Sraviopata we e€rc

fi— fi

Jn—2+— fn-2
n+—— &cosl
OTOTE O TIVOXAS TOU YETAOYNUATIONOU Elvol

10 ... O

0O 1 ... 0
= .

0 0 ... cosf
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xou 1ot |detT| = cos 6. Suvenag,

_ 175

T(H n)| = H n
rncy) =Tl nc,|
oot

ISel  |Se
H | =|T(H n = ,
0 Cul = [TH N o)l TG = 75e]

agov o T'(H N Cy,) eivar o povadtafoc xGBoc otov RL

Anédeiln tne oyéorne (2.2.2).

Av e = (1,0,...,0) téte Se = (1 — a2, —araz,...,—aiay), apol Se = e —
(e,a) a. Emnhéov T'Se = (0, —ajaq, ..., —aiay), on6éte and my oyéon (2.2.1)
éyoupe OTL
S 1—a?®)?+a%d+ - +ad? 1/2 1—a?)? 1/2
|HNC,,| = ‘r‘[;” _ (1= ap)* + ajas 1 i) <( nal) +1>
|TSe| (a2a3 + - + a2a2)? a2 3" a?
i=2
1—a?)? /2 1
= (% + 1) = — < \/5
at(l —ai) ai
Andédedn tou Afupatog 2.2.2.
1 [ |sint P 2
/ ‘ sin dt < \/i
T ) ! T p
av p > 2.
H anddeln ywplletoar oe tplo u€pr, we mpog Tig TIUES TOU P.
o] p>4
[apatnpotue ot
sint 2t 5 8 2t
=l—-—4+-— -+ =—...<1l——=+4+— t:°<72 224
6 "0 T o Sl gty C T (22
xoit
2 2t b 8 U A
Tt =l bt —— .. > 1 — -
€’ 6 * 72 1296 * 644! ez 6 * 72 1296’
av 12 < 30, OnAady
2 2t 48
—eT < —l 4 —— —— (2.2.5)

6 72 1296
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HpooBétovtag xata péhn tic oyéoewc (2.2.4), (2.2.5), éyoupe

sint 2 _ t t4 6 4 N 16 <0
— — e e —_— e —_ —_
t 120 72 1296 180 1296 —

av 2 < % Onére
t2

I

2 ~ 36 36 2
av t° < 5, agol 2 < T

‘Eotwm = %. Agot 7 e Pdt = /7, YENOILOTOUDVTAS TOL ORIV €Y OU-

e
/ ‘smt
/ ‘ sint / ) sint 1/°° } sint
™ m
:1/ ’sm(—t) ’p( Vit + / ‘smt gt 1/ ’smt
T Joo t T )i
/ ’smt / ’smt
t 1 m 1 t2 2 [
/ )Sm / et < / ep6dt+/ tPdt
m T J_ o T Jm
_ Ve i 2 SL(ﬁJF 4 )<\@7
VovT o w(p—1)mr=t T /prym 3mm3 NG
v p > 4.

Trv npoteheutaior avioOTNTA TNV THPVOUUE UE O TOLYELOOELS TTdEElS AoYi-opo0,
v p > 4w m = %. Agot

YIS S
\/ﬁﬁ—i_ m(p—1)mr=t  /p ( ﬁ+ ﬂ(p—l)mp_l\/f))
xou
2/p 4 3P . 3P 6 \pa
W(p—l)mp—1§3ﬂm3@p—1§2m 4®p—1§2(ﬁ) ’

apxel va detoupe Ot
)

VP <2 (

Sle
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apol j;%’f < /D, Yl p > 4. Mehet®vtag Tnv ouvdptnon

6 - 6 1 50
h(z) =log2 ( N )" ! —logﬁ:xlogﬁ - §logx+log6—4,

unopolpe vo dolpe 6t h(z) > 0, yio x > 4.
H tehevtaior avicdtnta oy let, agol yioo m = %,

6 4
\\/CT 5y = 1,4030477 < V2.
Bl2<p<4
O¢toupe s = § — 1 xou Yéhovye va detloupe 611
1 [ /sin? ¢\ 1+ 1 2
/ (Sm—2> “dt < (: 7), (2.2.6)
T J)_ oo\ ¢ 1+s D
v 0 < s < 1.

lNon=0,1,2,..., optlouye

1 o 2 2\ n
anp = / e (1—67%) dt
T

—0oQ
xou
by = L /OO it (1- SmQt)ndt.
T ) o 12 12

Téte

1 [ sin?¢ L[>, 1 1 [>*1

by = / %dt: / (—=) sin®tdt = / —2sint costdt
T J)_oo ¢ T ) o T T ) ot

o . o -
:2/ sttdt:l/ smtdt:
T ) o 2t TS oo t

Topa, yiat # km, k € Z, woylet

(sin2t)1+s _ sin? ¢ (1 - sinzt))s _ sin¢ i (3) (_1)n<1 B sith)n
12 12 12 2 n 2
n=0
. 2 oo . 2
sin®t s(s=1)---(s—n+1) sin®t. p
=2 nl (== )"

n=0
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sm t

o .
|s(s —1) s—n—i—l)] sin?t
1_2 (1_ t2 )n ’

dtott (=1)"s(s—1)---(s—n+1)<0,avn > 1.
Egopuélovtac 1o Oedpnpa Movdtovne Livahiong agot ot pot tou adpoiopa-
To¢ ebvon pn apvnTixol, maipvouye 6Tt

1 [ /sin?t\1+s
/ ( a ) dt
T J_o\ T
1 sin?t |s(s — 1) s—n—i—l)] sint, ,sin? ¢
SINE Y s
—0o0

1 [ [s(s=1)---(s—n+1)] sin?t. ,sin? ¢
=byg— — 1-— dt
0 W/—oongl n! ( $2 ) $2

Emnhéov, pe odharyt) petafhntrc ¢4/ 152 =t/ éyouye

1 00( 1+s / 1
— e .
77/00 / 1+S

Avdhoya, encidr

Onéte apxel va detlouvye 6TL a, < by, n € N. Adtt 161

1) — 1

xt €tot Yo €yovue v {ntoduevy avicdTnTaL.
INo g mpodteg €€t TWéS Tou N, OTWS PAUVETAL And TOV TURUXATE VXA,
loyvet 0Tt ap < by.
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n| ap by,
110,29 0,33
2 10,16 0,22
310,11 0,17
4 10,08 0,15
510,07 0,13
6 | 0,05 0,12

Ot vnohoytopol €ywvav and tov K.Ball ye npocéyyion duo dexadixwv Yneudy
xou YioL T TERINTWon Tou by, dnwe avagépet, yenowonoinoe 1o Yedpnuo Twv
ONOUAPOTIXWY UTOAOITWY.

o n > 7 woyde ot

1 1 1

< _
V2mn  2ym/n+1  2en

(*)
apol

1 1 1
< —— S en2ymvn+ 1< (en — vn+1)vV2mn,
V2rn  2y/m/n+1  2en v ( v )V 2m

HE O TOLYEIOOELS TPAEELC XATUATYOUNE G TNV LOOBUVOUTY aviodTnTa

e2 N n+1
2e2 +2eV2m+ 1 n?

e2

xaL yla n = 7 oy et 48—9 ~(,1632 < 0,756 ~ BNy, s
Emmiéov, n ouvdptnon h(z) = L8 ebva gdivousa 610 (—00, —2) xot 670
(0, +00), ago) h'(z) = —(J”;Q).
Mévet va dei€oupe 611
1
an < 5 (k)

xou

by, = 1 ( % %)

2y/mv/n+1  2en ’

yan > 1.

Mo 0 <z <1, wybe 61 2(1 — )% < |log z|, apol av népoupe TNy GuUVEETHON
g(z) = —logz — 2(1 — )2, éyoupe ¢'(z) = —1 (22 — 1)? < 0, dnhodr 7 g ebvau
@divovoa xa ouverde —logz — 2(1 — z)? > 0, yia xde = € (0,1].
INa 1o
ay = / 6_7(1 — e_?) dz

7T—OO
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—u?

ue Sraboyixés ahhayéc peTafSAnTOY u = % xux =e ", onbdte
2@ (—%)dm = du, €youyue
a / 1—6 uz)ndu— 2/00 €_u2(1—e_u2)ndu
"V v o

1
(1—x)" Lo =

:ﬁ/o ﬁ m/ Ve’

Kt éto1 anodeiydnxe n (xx).

Eniorng, ) ,
1 [°° sin“t in“t
b, = / s.ln2 (1 _ sin )ndt
T ) o ¢t

v ) v -1
2 [ sin?t sin?t., 1 (1 sin?t sin?t.,,
= — 1-— dt + — 1-— dt
W[ $2 ( $2 ) + 7.{./1 $2 ( $2 )
2 [*sin’t in?t
2 sin ( _ sin )ndt
T 1 t2 t2
Apa
2 [ sin?t sin?t.
b, > — — (1 — ——) dt 227
W22 (TR - (227

n
IMupatnpodye thpa OTL 1 t%(l — i) ebvor av€ovoa yia 1 <t < /n+1

t2
xat @iivouoa yio t > v/n + 1, agol
1 INNG N 1 1\» 1 1yn-1_1
pl-a) ] =2a(-5) +ar(-2) 2%

I\Nn-1, 2 2 2 1\n-12 /n+1
:<1_t7> (_ﬁ+t?+t7>:<1 t2) t3( 12 1)
2 1\n114n—t?

_?3( _t7> 2

Ondte, avn > 6 t6te vVn+1 > VT > 2,57 ~1+ % xt €YOUPE OTL

Vntl 2, . vntl-m/2 2(t_|_ 7r) )
sin n sin z n
/ (1)t = / (t+ﬂ)22 (1_(t+3)2) dt
/ 2 2

147/2

1 [~lsin?t sin®t. n 1 [ sin?t sin?t. n 1 (! sin2t sin®t. n
:/_ - dt+/1 - dt+w/ -t
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Vn+l—m/2 )
cos“t 1 n
= 1— dt
/} @+®A (t+§)2>

1

n
‘Ouwe 7 t%(l — i) etvar abZovoa vy 1 <t < +/n+ 1, ondte

t2
Vvn+1 9 \/n+1—7r/2 9
sin“t 1., cos“t 1\n
[ SEe-gres [ St(g)
14+m/2 1
s - -
) 2
sin“t 1., cos“t 1\n
[ Famgraz [ S (-g)
Vn+l1 Vn+l4m/2
n
agol 1 t%(l — %2) ebvou @divouoa yioat > /n + 1,
‘Etot

23

oo
 sin? ¢ 1 1[ [ sin?t 1 sin?t 1
A t2@ﬂfﬁ2J% tQQﬂﬂﬁ+/’t2@ﬂyﬂ

14+m/2
1 [®sin?t, 1 LV e 17 sin?t, 1
Sin n Sin n Sin
= 1—=)"dt+= 1—=)"dt+= 1——
5| Tty [ Sa-g) ey [ T
1+m/2 v+l
1 [>*1 1\n 1 [ cos?t 1\n
> = f1_f) dt — — i(1_f) dt
= 2/1 t2< 12 2/1 12 12
Vn+l-m/2 00
+1 / cos’t (1 1>ndt—i— 1 / cos’t (1 1 )ndt
2 12 12 2 12 12
1 Vn¥i+m/2
vn+l4m/2 )
1 [>®1 1 1 t 1
:/ —(1——>ndt—f / g(l——)ndt
2/, t2 12 2 12 12
Vn+l—m/2
Vnti+3

1 [>1 Iye 1 1 1\n )
> - —(1- = _Z (1 - =
= 2/1 2 (1 t2) dt =3 12??50[152 (1 t2> ] / cos™ tdt

Vn+l—m/2
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1 °°1(1 1>ndt [1<1 1>n}7r
= — —_ —_— —_ a. —_ —_— —_
2 ), 2\ 1Zes 2\ T 12) ]

o pe ooy petofinTng + = u

1/t T 1 1
=— | 1=u®du— = 1-— "

2/0( ) du 4n+1( n+1)

1t 7l 1 \ni1

i 1—ud)du— ==(1— . 2.
2/0( wtdu =0 0= ) (228)

[o 10 ohoxhHipwua TOEA, £YOVUE, UE ahhay T WeTIBANTAC u = sint,

1 1 1 w/2 1 w/2
~ [ 1 =uH)du = = (1 —sin®t)" costdt = = cos® L tdt
2 Jo 2 Jo 2 Jo

1 [™/? 1 /2 1 [7/2
= - / cos®™ t costdt = 3 sint cos?™ t += / sin®t 2n cos® L tdt
0 0

2 2

0

1 w/2
= 22n/ (1 — cos®t) cos®™ L tdt
0

1 w/2 1 w/2
= 2n/ cos® L tdt — 2n/ cos® L tdt (2.2.9)
2 0 2 0
Av hotndy,
/2
1
Dny1 =5 / cos®™ T tat (2.2.10)

0

napvoupe Ot
Iopy1 = 2nlon 1 — 2nlo, 41

oot
2n
Ippi1 = ———1Iop 2.2.11
2l = 5y an—t ( )
Kévovtag ta ot yia 10 Io,—1, TOlpVOUUE OTL
I _ 2n 2n —2
2n+1 — m+12n—1 2n—3

YuveyiCovtag tnv Bio dradixaotia, maipvouye ot

2n 2n—22n—4 21  2n2(n—1)2(n—2)2(n—3)---2

1
Boni1 =50 +12n—12n—-3 ""32 (2n+1)(2n) (2n—1)(2n—2)—1 2
2n2(n—1)2(n—2)---2




2.2. ANTHIAPAAEITMA I'IA N > 10 29

270127 4n 2n\ "
S L " (2.2.12)
(2n+1)(2n)!12  2(2n+1) \ n
Ané ¢ oyéoec (2.2.10),(2.2.11),(2.2.12), n oyéon (2.2.9) yivetan
1 M
2/ (1 — uQ)"du = 27’LIQn_1 — 2nI2n+1
0
(2n+ 1)I onl A7 )™
=(2n —2n =— .
2n+1 M= 50,1 1) \n
Onéte 1 oyéon (2.2.8) naipver tn popyh
> gin?t 1.n
/1 - (1- 7?2) dt
4n 2n\ 7" w1 1
Lo T rlg L VR T o0
22n+1) \ n 4dn n+1 4yn+1 4en

H televtaio aviodtnta enttuyydveton pe v BoRldeta tne npocéyyione tou n!
ue Tov tono Tou Stirling,

n!
_—
ny/ne="/2m
XL TN TApAThENoNng ott 1) axoloudio
a/n+1 (2n\ 7!
22n+1) \ n

’ ’ ’ 1\n _, ’ 7 7 ’
etvon givouoa eved 1 (1 — )" ebvon abZouoa. To ouyxexpuéva, and Tov THno
Tou Stirling naipvoupe

4A"pInly/n + 1 . 4"n2ne=2"21\/n + 1
im—————— =1lim
n 22n+1)(2n)!  n 2(2n + 1)(2n)2ny/2ne"2n/21

y vnZ4+nym o 7w
=lim—F+ = ~—.
n 2(2n+1) 4
Emmiéoy,

4" /n+1n!n!

2(2ni1)(gnn)! - 2n+3

> 1.

4Pt D!+ 23 /n+ 24/n+ 1
2(2n+3)(2n+2)!
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Anéb v oyéon (2.2.13) tdpo, xATAARYOVUE G TNV

SER®

o0

/sin2t(1_1)n2 1 1
t2 t2 2ymy/n+1  2en

1

xou GUVETDC Eyoude TNV {ntoduevn oyéor (* * *),

1 1
by >
n_Qﬁ\/n—i—l 2en

Y.] av p =2, ebvar Yvwo 6 ot oy let

1 [ | sint |2
/ ’ﬂ’dt:l_
m J_ t

To avtinapddelypa

Oewpnpa 2.2.3 Eotw n > 10, Q, o povadiaios kPos oror R"™. Téte
vrdpyet Evideidaa pndia C), pe kévtpo to 0 kar katdAAnAn axtiva étot dote
av kai

1wyvetl 6Tt
|H 0 Quln-1) < [H N Cpln-1),

yia kdde (n — 1)—didotato vrdywpo H C R™.

Anodedn
‘Onwe eldape oty nponyoluevy evotnra av H évag (n—1)—dido tatog undyw-
poc tou R", woyder 61t [H N Qnleny < V2. Apxel va deifoupe 6ty n > 10 1
Evxeideta undho 6yxou 1 otov R™ éyel xevipixéc touéc v onolwv o 6yxog
ebvon ueyohhiepog and V2. Tiati téte Yo unopolyue va Ppolue urdha xotdh-
Anhng oxtivag e oyxo wixpdtepo and 1, tng onolag o XEVIPIXES TOUES TNG UE
%80 (n — 1)—8idotato undyweo H eivar touldyiotov /2.

Opilouye ¢, va givar o (n — 1)—8idotatoc dyxoc g Toufic NS Undhac
Cp, n—0dotatou 6yxou 1, ue tov undyweo H. Av p n axtiva tng C,, dnhadn
Cn = By(p) xou By, 1 povadiaia prndha otov R té1e ¢ = |Bp-1(p)|(n-1), xou

1 = [Culmy = |Bn(p)|n) = 0" Bnln)
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Gpo p" = win onhad” p = ﬁ, 6Tou Wy, 0 6YX0C TNG povadiolag UNdAUS GTOV
R"™. Téte

en = |Ba—1(p)ln-1) = " | Bn-tl(n-1) = — i Wn 1
w

Ané ¢ oyéoeig

71'% WnT_l
Wnp = R W1 =
AR C R T
Talpvoupe Ot
n=1 n=1 n n=1
o = Wn—1 _7'('2 (%—Fl)n _F(§ 1)n
n n n— -
A D L")

Xenowonowdvtag tov tono tou Stirling, éyoupe

—1 —1 1 —1
(V2m) = e (G (5 H1-3) log(3+1) 552
1

Q

Cn

(4
_n +n72+n+1 2 1
= e I 2 2n
n+1 2 1 ( W)
2

1/n+2\3+l _ _a
= n 2 27z22n 2 2n

e (n+1) (n+ (2)

1\ 1 \3 e o1
- (1+ ) (1+ ) ( ) (2m) " 2
n+1 n+1 2(n + 2)

Ané émou maipvouye 6Tt
Cn — \/57

xadoc 1 — +00.
Trohoyilovue 0 a1g, xat Bploxovye aig ~ 1,420 dnh. aip > V2.
Méver va dei€oupe b1t 1) axohoudio {c,} elvor ablovoa, ondte Yo €yovpe bt

‘H N Qn‘(n—l) < \/§ <Cp = ‘Hﬁ Cn’(n—l)
v n > 10.

Arppoa 2.2.3 Fotww ¢, o dykos tng Kevipikng touns pndiag oykov 1 pe
évav (n — 1)—didotazo vrdywpo tov R™. Téte n axolovdia (c,) elvar atéovoa.



o8 KE®AANAIO 2. APNHTIKH AIIANTHYXHTIA N > 5

ATnodedn

Oewpolye TNV GUVARTNOT

Fla) = (m—i— 1)233-1-1

2.2.14
) (22.14)
H F eivar pdivovoa oto (0, +00).
Av v nopaywyloouye, noafpvouue
41\ 22+1 1 1
Fia)=(2=)" (21 1) - 2logz — -2)
()= (22 og(z +1) ~ 2logz — —— — 1
Do va ebvon 1 F7 gdtvouoa apxel
2log(z + 1) — 21 L L <0
og(x —2logr — —— — —
& & z+1 =z
1 LloodULVaYL
r+1 2z +1
1 < 2.2.15
%y = 2x(x + 1) ( )
H aviootnta auth oy e, yiotl
z+1
T 1
log =log(z+1) —logz = / gdt
x
(hoyw Tou oL 1 T efvon xUETH)
1,1 1 20+ 1
<1l _ 2 + .
2'z x+4+1 2z(z+1)
Apa 1 F eivar gdivouoa 610 (0, +00).
Oewpolie TOPA TN GUVEETNOT
G Ty 2.2.16
@=G=) (22.16)

x € (1,400). H G glvor adZouoa.
[o v mapdywyd g oy et

G/(x)_(xi1>2x—1—;{(2+ml2)log r  2z+1

z—1 z?
Do va ebvon 1 G adZouoa, apxel va toy et
x 2z +1
1 ) > , > 1.
(s 7=3) 2 gy @
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Loy el
x

1
logx —log(z — 1) = / Zdt
r—1
(A6yw TOU OTL 1) YPaPIXT TUPAOTAoN TNC T PElOAETU TAVE OTO TNV EQARTOUEVN
oo onpeio (z,1))

T

1 t—= 2z +1 2z +1
> - — dt = >
- /(a: x2 ) 202 T 222 +1

r—1

Xpnotoénoidvtag ) povotovia Twv cuvdpticewy (2.2.14) xo (2.2.16), uno-
poluE va detouye OTL Yo > 3,
n—3

n—1\a=s/n+1 ﬁ n
< 2.2.17
(n—Z) ( n ) n—1 ( )

H (2.2.14), 6nwc eldaye, etvor @divouca oto (0, +00), ondte

n + 1 2n+1 n 2n—1
(=) <)
n n—1

Gpa
n+1 << n )3211
n n—1
onhadn
n4+ 1\ et n T
2.2.1
( n ) <<n—1> ( 8)

xot 7 (2.2.16) ebvar gdivousa oo (1,400), ondte

n—1\2n-3—1 n \2n—-1-1
<
(n—Z) (n—l)

1 (n—2)(2n—1) n (2n+1)(n—1)

G=2) 7 <G

(2n+1)(n—1)2

n—1 N\ nn=2)@n=1)
<( >< 2)(2n—1)
n—2 n—1
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=~

n—=- 2n+1)(n—1 2 n—3
(n—1>2n35<< n )n(<nz>><(2n1)><<2n5>>
n—2 n—1

Holarmhaordlovtag v (2.2.18) xou v (2.2.19), naipvoupe

_ n 2n+1)(n—1)2(n—3
(n — 1) 22735 (n + 1) In—1 ( n ) 7E(n72))((2n71))((2n7>
<
n—2

3
5) + 2n+1
n n—1

(2.2.19)

Méver va def€ovpe 6Tt Yo n > 3

(2n+1)(n —1)%(n — 3)

n
<1
nn—2)2n—1)(2n—5) 1"
ono6te Va éyouye ty (2.2.17). Ioodlvopo apxel
(2n+1)(n —1)%(n — 3) -1 n
n(n—2)(2n—1)(2n —5) — 2n+1

2n 4+ 1)2%(n —1)%(n —3) < n(n+1)(n — 2)(2n — 1)(2n — 5)
XL UE GTOLYEIODELC TpdEels xatahiyouue 670 8n? —5n+3 > 0, 10 onofo 1oy Vel
via xdde n € N.

Opilouvpe topa yran > 1,

6mov I, = [2x cos™0df, n > 0.
2
Loyber 6t

_ Wp-1 Wp—1 +
Cn = —H5 3 Wn
wy" n

xou yenoonoevtag Ty i = I, oyéon (1.3.2), nafpvoupe 6t

1
wr
Cp =
In
Téte, naipvouye dradoyixd Tic oyéoelg
1 1
w'n—l w n—1 w™
n n—1 _ WYn—1 o _ n—1
Cn-1= I = Cp1 = n—1 Cn—1 = =1
n—l Iy
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1
1 n-1 1 U S
n n — n n—1 — n n n
Inﬁl n—l
; tn—1 __ n—1 ’ ’
e enew?| I, = upl) ™", maipvoupe o1t
1
1 =
1 n-—1 1—n 1 oy n
u;{cinl S = (Inwp 1) _ Wn
n n— ?
ITL I?L
onhadn
1 n—-1
Cn = UnCp 1,
yian > 2.
OpiCoupe c1 := 1.
1/2
. Cwyt 9 172 1/2
Nan=2, co= = = Uy ol

I

61

(2.2.20)

Ioytet 6t c1 =1 < ug = o= %. Anéb v oyéon (2.2.20) o unovétovtog

EMAYWYIXE OTL
Cp—1 < Up

Talpvoupe

1l n—1 1 n—-1

Up €, < Uy Un"™ = Up,
I
Gpa
Cp < Up, M =>2.

Ou anodeifoupe mopaxdtw 6t N {u,} eivor abdlovoa axohouvdio xi étot Yo
€youue 0Tt ¢y < Upy1. Ondte Yo toylet 6Tt cp1 < Uy, Yio x40 n > 2, xou

Talpvoupe Ot

N

xou AMoyw e (2.2.20) nadpvoupe 61t
Cn—1 < Cp, M >2.

Méver va dei€ovpe 6Tt m axohovdia {uy} eivar adlouoa.
Opiloupe

1
Un+1 2n—1
:En::< "+)" , n>1.
Un
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Loyber 6t

g n+1 : n % g n—1 s 2
Lyt = cos”" " 6df = sin 0 cos 9‘7£ +n cos”"" " fsin” 6dO
— 2

INIE]

us
2

= n/ cos" 1 O(1 — cos? 0)df = n/2 (cos™1 @ — cos™ ! §)db

Wl

=nlp_1—nlp4

oot
mn
L1 =——1I—
n+1 n+1 n—1
’ I 1
ol It (2.2.21)
In+1 n
Onéte .
I, 2n—1
(In+1) In
In = =l a1 _n_
<I7};1> 2n—1 Iililliiil
[n—l In+1 In—l n

‘Eyouye 61t &, < Tp—2, Yit 1 > 3, agob

Ty < Tp—92
onAady
I, (n—l—l)gnn,l < In_2<n—1)27;25
In—l n In_g n—2
omoTe y
I3 (n+ 1>2n%1 < I <n - 1) 25
11 n I, \n—2 ’

Aoyo e (2.2.21), 1 tedevtaia oyéon eivan 16odOVauN UE TNV

n—1/n+1\525 no/n—1\9r=
() <)

n—2 n n—1\n—2

OnAad”h we TN

(n—l){il%(n—i—l)%"l < n
n—2 n n—1
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1 omnoio eivor axpBoe 1 oyéon (2.2.17).
Emniéov, propolue va dodue 6t o, — 1, xodbdg n — +00.
E&etdlovtog Eeyeptotd Yo dpTiar %ot REQITTA 7, EYOVYE:
Nan =2k n>4, and my (2.2.21)
In _(n=1)I,o m-1)(n=-1)1 o

In—l n In—l n (TL - 2) In_g

(n—1)%(n—2)%n—3)%--5%423222 ¢ [2k-1]° «
n(n —2)4(n —4)%- .- 4424 2 9pod(k-1) [(k_l)!r?

Xpnowonowvtag tov TOno tou Stirling, nalpvouye
I, 27 [6_(2k_1)6(2k*1+%)10g(2k—1)]2

n
In_1 k;24k73(2ﬂ-)2[ef(k71)e(k—1+%)(log(k—1))]45

ef4k+262(2k—%)1og(2k—1) 4k—1)log(2k—1) 1 1

(
(&
k24k—2c(4k—2) log(k—1) 2 g

1
- k24k_2€4(k—%)log(k—l)e—4k+4 2

(2]{) _ 1)4]671 L B i(zk _ 1)4]671 Ly
k2k—2(k — 1)4—22¢2 2k (2k — 2)%2°

_i(%—l
2k \2k —2
kE—1

i) T G

|
[ e

)4'“71(% —9)e2

1 1 \2k—2]2
N (1 - %) [(1 * m) } — lefe =1, (2.2.23)
Nan=2k+1, n =3, nopvoupe
Iy Dopy1 1 B 1
In_1 Lo Lok fokte 2k42 Mok — 1 (2.2.24)

Iogyo Iok41 2k+1 Iog41
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and v nponyoluevy tepintwan (Yo n dpTio).
Kat enetdn <"+1) L, XATUAAYOLUE 0TO OTL

Tp — 1,

xad e N — +00.
‘Eyouvye howndy 6t < Tp—o, Y n > 3 xa x, — 1, ondte x, > 1, yia

x&de n > 1.Anhadn
(un+1>2nll -1

U, -

oot
Un+1 2 u’n?

vio xade n > 1.

2.3 AvTtimapddeltypo yioe n > 7

Oewpole T0 GUPPETPIXG xVPTH oGP (XOAVDPOC)
n—1
Ap(a,p) = {x =(x1,...,2,) ER": Za:? <a?, |o,| < ﬂ}, aB >0,
i=1

2
otov R™. Oétouye v = (2 ) xa opllovye v ouvdptnon f: [0,1] — R, ue
tt 5 PIGOVYE T pTnom tt

\/1+7x/ — 2" dL.

Ipbtaocm 2.3.1 Av n > 4, n f evar gOivovoa oo [0,1] av kar pdvo av
et

Anodedn
Kdvovrag ahhoy yetaBhntic, s = /at, n f naipver tny wopen

flx) = \/1+’Y$\F/ l—s "2 ds.

Onéte

fl(x) = 2m\f/ 1-s%)"7 ds—\/m2 f/ 1— )" 52 ds
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1 n—2 1
+\/1+7$ﬁ(1—$) 2 2\/5
Ioylet
fllz) <0

\/E n—2 \/5 n—2 n
@m/ (1—52)2—(14—71‘)/ (1—82) "2 ds+(1472)a(1—2) " < 0
0 0

n—2

ﬁ n— —
@—/ (1= )" F2ds + (1 +y2)Va(l — 2)"5> <0
0

"Eyoupe dnhady 6t n f etvon pdivouoa oto [0,1] av xar uévo av
2(1+722)(1 —2%)"T < / (1-s2)"2°ds, ze€l0,1] (2.3.1)
0
Oétoupe
n—2 z n—2
g(z) =zl +~y2?)(1 —2?) 2 — / (1—s%)"2 ds.
0
Téte g(0) = 0 %o

n—2

g (@)= 1+ya?)(1 -7 - (1-a%)"7 +

n—2

22vz(l —z?) 2 — (n—2)2°(1 4+ ~v23)(1 — x2)nT_4.

Onére

n—4

() <06 (1-2%)"F 3y < (n—2)(1+y2%)(1 - 22)"
31 -2 <(n-2)14+z) e 3y — 3722 < (n—2) + (n — 2)yz?
&3y—(n—2)< (374— (n—2)fy>x2, vV xel0,1].

Oétovtac = = 0 nafpvoupe ot yia v toy el 1 oyéon (2.3.1) npénet va oy let
3y<n—2
Avtiotpoga, av 3y < n — 2, éyoupe Ot

n—4

(1-2%)F 3y <(1-2)"F (n-2) = (1-2%)"F (n—2)(1 - 2?)

< (n-2)(1-2%)"F (1+72?)
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oot
(1-22)"2 3y — (n—2)(1 —2%)"F (1 +722) <0,
dnhadh ¢'(z) <0, z€[0,1].
Ondte vz > 0 wyber 61 g(z) < g(0) dnhadh g(x) < 0.
Yuvenng, 1 ouvirixn 3y < n — 2 elbvan vy xt avayxata YL vou loyUeL 1) oyéoT
(2.3.1).

Oenpnua 2.3.1 Ia u € S L, Vérovpue H(u) = {x e R": (z,u) =

0}, ((n — 1)—&idozatog vndywpog Tou R”). Tére yia n > 4 wyde

Sup |, (@, 8) 1 H () (1) = 220" 28 max, f(z),

0<z<1

2
ye’yz(%) , n>4.

Anodedn
Eoto u = (u1,...,u,) € S"" 1. Mnopolue vo utodécoupe étt uy, > 0.
Oétoupe P = arccot(%) UL Py = ATCCOS Uy, .
Anhadt ¢p eivor 1 péytotn yovia mou unopel va oy nuatilel xdnolog undyweog
H(up) pe tov H(en), ywplc va téuvel tic Bdoec tou xuhivdpou, érou e, =
(0,...,0,1) xat ¢y ebvar 1 ywvia tov oynuatiler o H(u) pe tov H(ey).
Mrnopolue €10l va ywpiooude Ty anddelly oe dUO TEQINTWOEL:

] 0 < du < o,
ONAadY| @y < arccot(%). Eneidn n ouvegantouévr eivar gdivovoa cuvdptnomn

a

7o [0, 5], nodpvoupe 1t cot? ¢, > (3)
f| cos qﬁu > (%) (1 — cos? ¢y,)

IO

‘Eotww P, : R" — R”, 1 opdoydvia npofol; otov H (ey,).
H npoBolf e toufic tou undywpou H(u) pe tov x0hwvdpo Ay(a, ), otov
H(ey) eivar yndha Sidotaone n — 1, pe xévtpo 1o 0 xt axtiva a.
Anhody,
P, (An(a, ) N H(u)) = By—1(a)
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n—1
= {x = (x1,...,xp—1) € H(ep) : Zw? < aQ}.
i=1
Ondre
1
’An(a7ﬁ) N H(“)\(n—l) = man(An(a, ) N H(U)) ’(n—l)v
Srhodt
4(0.8) 0 H@ o1y = w0 = T, _a”
n a‘? U (’I’L—l) - ‘COS ¢u‘wn—1a - ‘Un‘wn—la/

K ened) woydet 6t |uy,| > ——2—, nafpvouye 61t
"= Vaep?’

|An(a, B) N H(u)|p-1 < wyp—1a""2y/a? + 32

67

1
= an_gan2/ (1-— t2)n772dt\/a2 + 32 = 2w, _2a"2Bf(1), (2.3.2)
0

000 W1 = 2w [) (1 —2) 2 dt (oyéoec (1.3.1), (1.3.2) ).

"Eyouye dnhady| 6t oty nepintwon tov o undywpoc H(u) dev téuver 1 Bdoeic

To0U xUAiVdpou Ay (a, B), (¢u < ¢o) toylel

‘An(aa /6) N H(u)|(n—1) < 2wn72an_2ﬁf(1)'

Kot av ¢y, = ¢, Srhadh [uy,| = \/Q(LTﬁ?’ €y 0ulE 10oTNT.
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OnAadN arccot(%) < ¢y dpa % > cot ¢, > 0 dpa g—i > cot? ¢y.

Oewpolye T0 v = (U1, .. Un_1,0) € S" 1 xau Vv opYoy®via Tpo-

1
1—u2

Boriy P, : R™ — R™ otov undywpeo H(v).
[ [t] < B, oplloupe

[PU (An(a,ﬁ) N H(u))} =P, (An(a,ﬁ) N H(u)) N{z eR" : z, =t}.

t

n—1
Botww z € Ay(a, B) N H(u), xp =t xu Y 27 =d* < a?
i=1
Hapatnemvtag o oyfiua untopolue va dolue 6Tt 1oy bouy oL GyEoelg

Py(z) =2 —(x,v)v, P,(x)=x+ (tcot,)v

%ol

|P,(x) — tey|? = d? — 12 cot ¢2.
Emuniéov oyber 6Tt

P,(z) —ten € [v, ten) ™.

Ti¢ mapamdve oyéoeic Unopolye va TiC TUpOUPE Xt w¢ e€1g
Ocewpolpe wa opdoxavovixh Baoy fi, fa,. .., fu—2 t0Uu (n — 2)—didoTaTou u-
néyweouv H := H(u) N H(e,) C H(v). Tére, ta fi, fo, ..., fu—2,v, ey anote-
hoUv opdoxavovixt| Bdon tou R", agot eivon povadiaio xt emniéov xalde éva and
o fi, t=1,...,n—2 givu xddeto 670 €y, (fi € H(ep), i=1,...,n—2), 70

v efvor xddeto otov H (H - H(v)) xou To v efvar xddeto oTo ey, (v, = 0).
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Apa undpyovv a; €R, i =1,...,n T.0.

r=a1fi+axfo+ - +apn—2fn—2+ an—1v+ aney

xoL TOTE,
PU(:U) = alfl + (12f2 +--+ an72fn72 + aneén,
onoTE
x — Py(x) = ap—1v
Ko

<$, U> = <f17 U> +az <f27 U) oo tan—2 <fn—2; U> +an—1+an <6n7 U> = an—1
oo
(x,v)v = ap_1v

Ané g nopandve oyéocic talpvouue 6Tt

Py(x) =z — (x,v)v.
U—Unen
lu—unen|”
oyéon €youpe 6t & — Py(x) = (x,v) v. Ondte apxei va deifoupe ot (z,v) v =
—(t cot ¢y,)v. Ioyder 6t

Tty deldtepn oyéorn twpa, YPAPOUYE v = And v mpdT

1 Un
(x,v) = Ta—unen] (x,u — upey) = R r—— (x,en)
tuy, t cos ¢y
= — = = —tcot ¢
V1—u2 V1—u2 b
oot
(,0) v = —(tcot $u)v,

apol

(x,u) =0, (x,e,) =1, oSy = (en,u) = Uy.

H tpitn oyéon |Py(x) — ten|? = d* — t? cot ¢2 npoxintel dpeca and to
Mudaydpeo Oewpnua. Evd to dtdvuopa Py(x) — te, avixet €€ optogol tou
0TOV XAVETO UTOYWEO TOU UTOYWEOU TOU TUREYOUY To SLVOGUATI U X0t tey,.

YuveyiCovtoag Tov TpoNYOoUPEVO GUALOYIOWO, v THPOUPE €val Y xdUeTo 0To
v, BN (y,v) =0, pe y = t, [t| < B xou |y — ten|? = d* — t2 cot ¢2, 6mou
0 < d < a xou Véoovye © = y — (tcot gy, )v éyoupe z, = t, agol v, = 0.

Emnniéov
n—1

%xf = Z(yl — (tcot (;Su)vi)Q
i=1

=1
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n—1 n—1 n—1
= ny — QZyivi(tcot ®u) + 2 cot? qﬁqu?. (2.3.3)
i=1 i=1 i—1

Agol |y —te,|> = d* —t2 cot ¢2 xan y —ten, = (Y1, Y2, -, Yn—1,0), éxoupe 611
n—1
> y? = d* — t? cot ¢2.
i=1
n n—1
Emniéov (y,v) = 0, ondte 0 = Yil; = yiv; xan téhoc u € S™TL
i=1 i=1

Yuvenwe 1 oyéon (2.3.3) yiveta
n—1
Z:ﬂ? = d*> — t? cot ¢2 + t? cot ¢ = d* < a®.
1=1

Apa z € Ay(a, 5). Exiong
<$7 u> = <y - (t cot ¢u)va |u - un€n|v + un€n>

= —tcot ¢y|u — upen| + tuy, = 0.

Apa z € Ay(a, 5) N H(u). Téhog woyler
Py(x) = Py(y) — (tcot ¢u) Py(v) = Po(y) =y

agot (y,v) = 0.

Anhadd, ya xde t, pe |t| < B, av & € Ap(a, ) N H(u) pe z, = t, t61€
1 1poPol Py(x) otov H(v) avixel 6Tov agovixd urdyweo te, + [v,te,]*.
Avtictpona, x80e onueio TS TOUfC TOU apEVIXOG UTOYWEOU te, + [, ten ]t e
10 An(a, B) elvor npofolt| péow tne P, axpBoe evée ornpeiov tou Ay(a, 5) N
H(u). (O nepropiopéde tne P, otov H(v) eivan 1-1, agol v # H(u).) To onueia
TN Toprfc Tou te, + [v,te,]t ue o Ay(a, B) N H(u) eivar axpiBoe exetva to
onueior aUTOV TOU APPWIXOY UTOYOEOU, TV OTOlWY 1 ANdCTACT, Ao 1O te,
etvau pxpdtepn 1 o ano a? — t2 cot? ¢y, ondte bha avtd T onpeia anoTEAOHY
wot (n — 2)—didotatn undha axtivag (a® — t2 cot? ¢, )% H(v).

‘Etot 10 alvoho

[pv (An(a, ) N H(u))L = Py(An(a, f) N H(w)) N {z € R" : 3, =t}

etvan aepBade wa (n — 2)—didototy urdha pe xévtpo 1o te, xu axtiva (a? —

t2 cot? ¢,) /2 610V agewind undyweo te, + [v, tey]t. Ondre
B

[Py (An(a, B) N H(w))|(n—1) = wn—2 /_B(GQ — 2 cot? §,) "7 dt.
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Kt eneidy
1
| {u,v) |

xou | cos(u, v)| = sin ¢y, éyouype bt

‘An(av ﬁ) n H(u)‘(nfl) - ‘Pv (An(a7 5) N H(u)) ’(nfl)

1 ﬁ n—2
A, H _ o 2 _ 1200t ) "5
An(,8) 0 HO oy = oy [ (@ = ot )T

B .
= mwn_g / (a2 — 2 cot? qﬁu)Tth,
-8

©étovtag cot ¢y, = %x éyoupe 61 z € [0,1] agol 0 < cot ¢, < % ol

|An(a, B) N H(u)|(n—1) = wn—24/1 + w2/ a? — a—x2t2) T dt

= wy,_0a""%/1 —l—’ya:Q/ 2t2) * dt

xou Pe oAhoryy) petaBAnTic Bt =5

1
= wp_2a" ?BV/1+ 7962/ (1- x232)nT_2ds
-1
onoTE XATAANYOUUE GTNY OYEoT)
|An(a, B) N H(u)|n—1) = 2wn_2a" 2B f(2?). (2.3.4)

‘Otav 1 Yovia ¢y maipvel Tic Tipée petalh ¢g xou 5, 10 T = gcot ¢y Talpvel

Ohec Tic Tpée petaln 0 xou 1, dpa o Bio oy et xu yio 1o 2. H oyéorn (2.3.4)
delyver dnhady ot

su Ap(a,f) N H(u n—1) = 2Wn— a" ﬁ max
¢>os¢fg)7r/2’ (@ 0) 0 H(W)l -1 2 (max, f(z),

AapBdvovtag ur” oy xaw Ty oyéon (2.3.2) naipvoupe to Vedprnua.

Ocwpnua 2.3.2 Av n > 7 uropotue va 0wAééovue a,3 > 0 térowa wote
yia Tov KUA1vopo

n—1
An(a, B) = {fﬂ = (z1,..., ) ER™: > af <d?, Jan| < ﬁ},
=1

va 1wy Uouvy tautdypora o1 OxEoeig



72 KE®AANAIO 2. APNHTIKH AIIANTHYXHTIA N > 5

1. \An(a,ﬁ)](n) = W
. Yué€ Sn_l, |An(a,ﬁ) N H(u)\(n_l) < Wp—1-
Arnobdelln
Ou detlouye apytxd To Yewpnua yia TNV tepintwon 6mou n = 7.

©éloupe va Ppolye a, 8 > 0 tétowx dote va loyer Ay = wr.
O n—didotatog 6yxog Tov Ay(a, B) etvou

|An(a, B)(n) = 2wp—1a"" '8 (2.3.5)

O€Nouye dnAadt
2wea’ B = wr (2.3.6)

xou emmAéoy yio tny (i4.) 9éhoupe
1
sup |Az(a,8) N H(u)|g = 2w5a5ﬁor£a§1 V14 'yx/ (1- :m‘Q)gdt < we.
uesSn—1 ST 0
Av woyber 1 oyéon (2.3.6) €youpe 6t

wry I7
2wegab®  2ab’

apot, 6nws efdae xu oT0 TpwTo xePdhato, woylel ot I = i e I =
n— 2
2f01(1 — tQ)TZdt (oyéoec (1.3.1), (1.3.2) ). Ondte v = g—z = (%) , GpaL
4@14
7

pded)
2w5a5ﬂ . 2a5I7 . 171

we  Ig2a5  Iga

Onéte and v oyéon (2.3.7) éyoupe

2wsa®B I ( 2 )1/7 1
I7

we g A1/14°

©éloupe howndy va Peolue v > 0 tétoto woTe

I /2 \1/7 1 ! 2,3
76(77) W&%m/o (1—2t2)f < 1.
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Loybel 6t

o0
2,2 5/2 kk2k O 9 15 54
(1 — at?)2 z;)( > S R

yiati ot undloimor bpot eivan apvnTIXOL.
‘Etot

1 1
5 15 5 3

1—2t?)2dt < (1—7152 —2t4)dt:1—— 222,
/0( xt”)2 _/0 5% +8m 696—1-895

OpiCoupe
5 3
fy(x) =+/1 +fyac(1 5% + ga:Q).

Oa unohoyicoupe T0 v €10t WO TE Vo Loy el

I (2\U7 1
1_6 (I7> 771/14 0?:?%(1 fy(z) <1 (2.3.8)

Eivar gavepd ot av xadopiodel to v, undpyouvy a, 3 > 0, ye v = (%)2, OOTE
va ixavonoteitar 1 oyéon (2.3.6).

Yy Hpbroaon 2.3.1 eldoape ot v f elvon gdivovoa oto [0,1] ye péyrotn Tt
610 0,101, avw v < ”T_Q Yy mepintwon mov n = 7, 1 cuviixn auty elvan
v < 2. Ou emhéZoupe To ¥ Myo peyokltepo and 3 étor wote 1 fy va éyel
péytoto xovid oto 0 pe Tipn Ayo peyorbtepn and 1.

HMapoywyilovue Ty f, xar mafpvouue

/ :+(1_§ §2) 1 (_§ §>
[y () NiE=T 6$+81‘ + +yz 6+4$

—#(E 332——5 T+ -xr+ —§>
BN A S RSN VA

Av howmbv {ntdpe n fy vo éyel péyioTo 610 o5, Vo mpénet

1
,7:
U
VAN W | NS MU SR
N R Y300 " 6720 T 220 3
U

(i_lﬂ) _5_3
610 8 )7 T3 10
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=~

3056 5

=——~1,8>1,666~ .

T e T 0T T 3
T v T autd Tou 7, 1 fy €xel B%o péyiota i éva ehdyioto. Méyioto 1 f,

Topouotdlel 6Ta T = %, 2 = 1 %t ehdyioto oto x3 = 0,841. Me

1 / 3056 1 51 31 18418 9209
il 20) + 1689 20 ( 6 20 + 8 400) 16890 9600 0014 > 1,

f+(1) = 0,9 xou f+(0,841) ~ 0, 897.
‘Etot howndy 1 oyéon (2.3.8) yivetan

() e (3) -
512 (§> 7 (1689) e (18418) 39209

— ~ <1
1757 \16 3056 16890/ 9600 0,999998... <

Topa Yo dei€oupe T0 Yewpnua Yoo n > 8.
©éhovpe va Ppolye a, 8 > 0 étor Gote va toybouy ot ayéoelg

L [An(a, B)|(n) = wn
. 2wp_2a™ 283 < wy_1
jii. y < 22
Anéb v oyéon (2.3.5) 1 (i.) ypdypeton

2wn—1an71/8 = Wn

f w
n—1, n
a" B = TR
Téte n (id.) yivetou
1 w,
Wnp—2— < Wp—1
a Wn—1
T’] WnWn—9
> 2.3.9
¢ w%—1 ( )
xou 1) (443.)
a\?2 an,la")Q n—2
=(Z) =222 ) < 2.3.10
7 (ﬁ) ( Wy, - 3 ( )
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Haipvouye
WpWp—2

2
n—1

w
xou and v oyéon (1.3.2), n (2.3.10) yivetou
<2wn71 wﬁwﬁ—zf _ (21031“)2—2)2
Wnp, w%ﬁl B ’U),rzlri_l

1
( 2wywy_o wn—1>2 n—2
wn—lws—l Wn, 3
U
(2 I i)Q n—2
m.rn/, — 3
U

~

I n—1 n—2
2( n ) < I,
I, 1 = 3 !

Mo n =8 n oyéon (2.3.11) ahndeder dioT

7 7
() =2()

12257
=2 ( 4096

Ocwpolye Tig axohoudieg

_( I, )”—1 _n—=2
Pn = I, . ) Sp =

Ou deifoupe oTL

yan > 8.

o.|H {pn} eivor pdivouvoa.

75

(2.3.11)

7 2
) ~1,29274... < 1,29299... — \/ig—B Y — o,
we
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Anddeiln
Oétouye
In n -1
Yn = Pn+1 ( I:l) _ [77+1Ig—1
n— - I, \n—1 2n—1
Pn (H) I;

Xenowonowdvac v oyéon (2.2.21), n {yn} naipver tny popen

Y )”fffill

O©éhouye va toylel Yy, < 1. Apxel va dei€oupe 611

271%1:[71—1( n >2n%1<1
Yn I, \n+1 =

H axohouvdia {I,} eivar pdivovoa (BA. napaypago 1.3) ondte

1< Iy 12 L ’

- I, — I, n—1
onoTE . ) .
n In—1 =T n ( n >2n—1

<
(n—i—l) =t =0T n+1
Apa
1
yﬁ»n_l I 17

xddg 1 — 400, ool

. no\m-1 .. n N\t
hm( ) = lim ( ) =1
n \n+1 n n—1\n+1

1

Oéroupe zp, =y .

Méver va Bei€oupe Ott vy n > 3, zp—2 < 2p, Ywti t6te Yo éyoupe 6Tl 2, =
1

2n—1

Y < 1, onéte n {pn} Ya ebvar pdivousa.
©éloupe Aowndy

n—2

In—3/m—2\2n=s In_1/ n \m-
G—0) " <)
In_g n—1

e N

<n—2);n__25(n+1>2f_1 < In—l In—?

n—1 n
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U
(n—2>27;_25<n—|—1)2n"1<n—2 n
n—1 n n—1n—1
Y/] 2
n—l(n—2)2ﬂﬁ%s(n+l>2n%1< n
n—2\n—1 n n—1
1

n—1\2= /n+ 1\ 325 n
(=) ") <
n—2 n n—1

10 onolo woylel (oyéon (2.2.17) ).

B.JH {sn} eivon adZouoa.

Anddeidn
OgiCoupe t, = /nl,. Téte

thyr _ v+ llngr /1+lIn+1 o lm 4o
tn vnoo I, n I, ’ ’

(oyéoeic (2.2.23), (2.2.24) ).
[aipvouye 1o TnAixo

tn+3
tn+2 _ tn+3tn \/m \/77/ In+3 In

t"t—zl Ctpgotnrr vV 1vn+ 2L Ingo
vVn+3 n (n+2><n+2) n(n+2) n+2

S Vntlyn+2\n+3/\n+1 m+)n+3)n+1’

an6 MO UE GTOLYEIODELS TPAEEIC Talpvoupe OTL

tn+3

tn42

2 <1, VneN.

tnt1

tn
‘Etot, éyoupe ot 2y, 1= t’g—:l — 1, n — 400, Xt Tpyo < Tp. LUVETOC Ty >
1 yio xéde n. Ondre 1 {t,} ebven abfovoa xt étot Yo Ty s, = /252, =
% Z—Z%tn,l, Yo €youpe

—1
sup1 . N mtn [(n=1)2 ¢,
Sn, /%tn—l n(n—2)t,—1

> 1,
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agol (n —1)% > n(n — 2).
Maipvoupe dmhady btu n {sy} eivon abEouoa.

Yuvolilovtag, nalpvoupe 6Tt 2p, < s, Y n > 8, ondte woylel 1 oyéon
(2.3.11) xou pdhiota toyupdtepa Eyoupe 6Tt Yo x&de n > 8

I, \n1 n—2
2( ”) < I 1.
Infl 3 n—1

‘Eyovtac Snhadh emihé€er a = “5"=2 maipvoupe 61t 1oy let pe yviow avicbhta
n—1
2wp—1a"™\2 n—2
v = <7" = ) < :
n 3

Av tdhpa draréZoupe Alyo peyahltepo a, Yo woybouy Tautdypova ol oy€oelg
(2.3.9) xou (2.3.10). Kt érot éyovrac emthéel 10 a pnopolpe pe tny Pordet
e (1) va mdpouye xon 10 xatdAAnho [.

2.4 AvTimopdderypa yioe n = 5,6

Ocwpolue oUVoLo

A:{$:(Q?17...,$n)€Rn: || S(p(\/g;%++x%_1)7

6mou 1 @ eivon (un otodepn) piivouoa xou xofhn ouvdptnon. Avt =r(f)cosb, s =
r(0)sind, 6 € [0, 5], t61e 7 r(0) eivon cuveyric ouvdptnon tou 6.

Enedr) n ¢ eivon @iitvouoa, xolhy, etvar un apvntind povo o€ €va QeayHevo
didotnpa. Apa to A eivon ppaypévo. Eivon xheiotd hoyw tng SUVEYELNS TNG ¢
X XUPTO MGy Tou OTL 1) @ elvon xolhn xou giivouoa.

Mropotyue va eheyEouye 6Tt T0 A elvan xupTd WS €€ng:

Eotw x,y €A, = (x1,...,20), Y= (Y1,---,Yn) xou t € [0,1]. [pére

tr+(1—-t)ye A

Ioyler |zy,| < gp(\/x% o2k ), x yn| < go(\/y% 4+t y2y).
O©éhoupue

|t + (1 — t)yn| < cp(\/(t:cl + (=)’ + -+ (tep + (1 — t)yn_l):’)

Loy e
‘txn + (1 - t>yn| < t|xn| + (1 - t)yn|
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< w(\/x%+-~-+x2_1)+(1—t)<p(\/y%+--~+y2_1)

< go(t\/aﬁ +otai 4+ (1 —t)\/y% +---+y3_1)

= (Vi) + -+ o2+ (= 02 o (=022
< go(\/(txl +(1=ty)’ + 4 (teg + (1 - t)yn_1)2>,

ot yio Ty @ oy Vel tp(v) + (1 — y)p(u) < ¢(tv+ (1 —t)u), eivar gdivouoa
xou

\/$%+"-+$%_1+\/y%+---+y3_1 > \/($1 +y1)?+ -+ (@1 + Yn—1)%

‘Eotww x = (z1,...,2n) € A Snhadh |z,| < go(\/x% a2 ).

Agot (r(0) cosf) = r(0)sind, e \/x% 4+ 422 =7r(f)cosh, 10 A
efvar 1) évoon evég ouvdlou (n—1)—08tdotatwy Unah®y, Tou €Youy avtio TotyES
axtivee 7(0) cos 6, xévtpa oo o r(0)sinb, 0 € [—F, §] xu dE€ova cuyuye-
tplag tov {x @z, = O}J‘.

To A eivar ouppetpixd we tpoc tov undywpo {z : x, =0}, ondte o byxoc
Tou Yo etvor

™

|Al(ny = 2wp—1 /2 r(0)" ' cos™ 1 0d(r(0) sin )
0

(H neprypogh tou dyxou tou A pe v Porfleta 1ou 0AoXANP®UATOS TPOX)TTEL
HE TEOTO AVAAOYO HE AUTOV TOU UTOAOYIOUOU NG CQUPIXAC EMLQAVELNS GTO
avunapdderypa yia n > 12 oto BhApe 6, (topdypagos 2.1) ).

"Eto,

us

Al (ny = 2wn—1 / ’ 7 1(0) cos™ 1 (0) (' (0) sin @ + r(0) cos 0) ) df
0
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Jus

= 2wy, _1 /2 (r"=1(0)r(6) cos™ 1 (0) sin 6 + 7" (0) cos™ 0)df
0
= 2w,y -1 (0) cos™ L Osin 6|
= 2Wn-1-7 (0) cos sin ‘0

1 x
—2Wp—1— /2 r™(0)(—(n —1) cos" 2 @sin’ 6 + cos™ 1§ cos 6)do
nJo

™

+2wp 1 /2 r"(0) cos" 6do
0

n—1

2
= 2wy / () cos™ 2 @ sin” Hdh
0

—2wn_1% / r™(8) cos™ 0d + 2wy, /2 r"(0) cos™ 0do
0 0

Wl

n—1

= 2wp—1
n

bl
/ () cos™ 2 0(1 — cos® 0)df
0

n

+2wn_1n ! /2 r"(6) cos™ 0d0
0

n—1

— 2w, / *1(8) cos™ 2 0df.
0
BOcewpolpe tHpa évay (n — 1)—ddotato undywpo L C R™.
Av o undywpoc eivar o {z € R" : x,, = 0}, t61€ 0 bdyxoc e toprc tou A pe
tov L Yo elvan
|A N L|(n—1) = wn,lr”_l(()).

Yy nepintwon nov o L oynpatiler ywvie > 0 ye tov {z € R" : z,, = 0},
167€ 1) Tout| Tou AN L pe xdde unepeninedo

{z: zp, =a}, Yo elvor o (n —2)—

dtdotatny undha, av |a| < r(6)sind,

(n touy eivar xevi av |a| > r(6)sinb.)

'Eotw 61t 0 undywpoc {z: x, =a},

Beloxeton og Voc (@) sin g, pe 0 < ¢ < 0. Téte n andotaon tou (0,...,0,a
and ta onpeia Tourc Tou ouvbeEou Tou A ue o LN{x, = a} eivar 7(¢) sin(§
@) = r(¢p)cosp. To xévipo e (n — 2)—didotatne undhac Ya Peioxetar o€
anbéo ooy |al tan(f — 6) anéd 1o (0,...,0,a), onk. 7(¢)sin ¢ cot 6.
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Yuvenae n oxtiva p g undhog Yo bvou

p= \/7“2(¢) cos? ¢ — 12(¢p) sin? ¢ cot? § = r(¢9) \/cos2 ¢ — sin® ¢ cot? 6,

ont6te 0 byxog tou AN L, Yo eivan

) n—2 i
|AN L|(p—1) = 2wn—2 /0 r"2(g) (cos2 ¢ — sin? ¢ cot? 9) 2d<w>

_ n—2 2 2 2 5\ 252 7(@)sing 0
2wy _or" () (cos ¢ — sin” ¢ cot 9) snd o

0 n—2
! /O r(6)sin | (n — 21" ()1 (6) (cos? ¢ — sin? pot? 6) =

sin 6

—2wp—2

-2 n—4
+T”_2(¢)nT (Cos2 ¢ — sin? ¢ cot? 9) 2

(—2 cos ¢ sin ¢ — 2sin ¢ cos ¢ cot? 9)} do

sin 6

¢ 1 n—2
= —2wy_2(n — 2) / r"72(¢)r’(¢)w (cos? ¢ —sin® pcot® ) 2 do
0

0 1 n—4
+2wy,_o(n—2) /0 " 1(¢) erll(g (cos2 ¢ —sin® ¢ cot? 9) 2 gin ¢ cos ¢sin2 9d¢
o n—2, 4, .sing 2 2 2 520
= 2wn_2n —" (¢) e (cos ¢ — sin” ¢ cot 9)

— 0 ,.n—1 n—2
+2wy, 9 n-2 / r - (9) [cos ¢(c052 ¢ — sin? ¢ cot? ) =
n—1J, sinf

+ sin ¢(—2 cos ¢ sin ¢p—2 sin ¢ cos ¢ cot? 9) nT—2 ((:os2 $—sin? ¢ cot? 9) %4] do

2w, o 2)/9 1(6) 329 (cos? ¢ sin? ¢ cot? 0) T sin 6 cos g do
Wnp—-2{N . ' Sin0 COS Sin CO S1n @ COS Sin20

—2 (? n=2
= 2wp_2 n / (o) cos ¢ (Cos2 ¢ — sin? ¢ cot? 9) > do
0

n—1 sin 0

-2 2 0 i n—2 1
—2wn,2u / r”_l(gb)w (cos2 $—sin? ¢ cot? 9) e sin ¢ cos ¢ do
0

n—1 sin 0 sin2 0

sin ¢

sin 0

0 .
+2wp—2(n—2) / " 1(¢) (0052 ¢ —sin? ¢ cot? 0) T sin ¢ cos ¢— 12 5 do
0 sin
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_ 0 n—
= 2Wp_9 n i / ()= o3 Z) (cos ¢ — sin? ¢ cot? 9) Tquﬁ
0

d¢

—9 n—4 1
+2wp—2 r / " g) cos & (cos ¢ — sin? ¢ cot? 9) 2 sin ¢ cos p——
n 0 sin 6 sin“

O©étouye

0d¢

n—1 sin 0

-2 ¢ i n-a 1
I =2w,_o i / " 1(¢) 51‘n 4 (cos2 d—sin® ¢ cot? 9) 2 sin ¢ cos p——
0 sin

x €YOuPE

_ n—=2 (7 .,  cosd .2 2 o\ "3
|AN Lfp—1) _2wn2n—1/0 " () sinH(COS ¢ —sin” pcot”h) 7 -

(1 — sin? ¢ — sin? ¢ cot? 9) do+1

sin? ¢
sin? §

0 —4
= an,gn 2 / " 1(g) cos ¢ (cos ¢ — sin? ¢ cot? 9) R (1
0

sin 6 >d¢+l

0 n—4
~ o, 2 / r=1() COSCZ’( cos? ¢ — sin g cot?6) 2 do
0

sin @

o b e in?
—wy o / 7“”_1(925)(:?—8@5 (cos® ¢ —sin® g cot? 6) 2 S%n2 ngf) +1
0

n—1 sin 6 sin
n-2 1 [ ., lcos" P .2 2 o\ "7
= 2wn,2n “Tsmd ), T (qb)m(cos ¢ —sin® g cot”0) 2 d¢
—2 1 [° n—a
= 2wp_9 n - 1) cos™ 3 gi)(l — tan? ¢ cot? 9) Z do.
n — 1sinf

Hopatnpolpe dnhadt| 61t o (n—1)—dido tatog dyxog e toune AN L e&aptdtar
and v yovia § tov oynuatiler o vndywpoc L ye tov {1 x, = 0}.
'Etot unopolye va Vécouue

0 n—4
R(0) == /0 " 1(¢) cos™ P ¢(1 — tan® pcot®0) 2 dg

BAénoupe Aoy ot av ToL oOUATA TNG pop(pﬁg Tou A 1o mpu{pd«poupe e
v Bofela g ouvdptnong 7(6), 8 € [0, 5], dnws oty apy | tng mapaypdpou,
T61€ 0 GYX0g TOoug diveton and T ouvdptnor R(6).

Av homov {nrdue €va avTimapdderyyo oto npdBAnua, meénet va Bpolue dlo
ouvaptioeig 71(0), r2(f) étor dote
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i. ot 71,72 vo efvan xator TUAROTA BUO POPEC CUVEYDS TPAY WY IoLUES

ii. n 7r;i(0)sinf vo eivon @iivouoa xon xoikn cuvdptnon tov 1;(F) cosh, i =
1,2

iii. av =0, ri(0) <r2(0), eved yw 0 € (0, 5], Ri(0) < Ra(0)
iv. fog r7(6) cos™ 2 0df > fog r2(0) cos™ 2 0do.
I.] EZetdlouvye v nepintwon 6nov n=6.

Oéhovpe va Bpolpe B0 cuvapthoec 71(0), r2(0) tou va ixavonooly Tig
i.-iv.. Edwétepa, Vo woyder R1(0) < Ra(0) xou

/ * 18(0) cost 0df > / " 15(6) cos* 66, 9 < (0, 31
0 0

Enopévoe {ntdpe wo apynuixd; yetaBorr| e R(6), n onola va Siver Yetixh
HETAPBONY Yiot TNV TOGOTNTA

Jus

/ *19(0) cos? 0d0.
0

Edw oylel 61t

0
R(0) = /0 5 () cos® gb(l — tan? ¢ cot? 9) d¢

= /00 () cos® gf)(l — tan? ¢ cot? 9) d¢

cos? ¢
0
= / r(¢) cos” ¢<1 — tan? ¢ cot? 9) d(tan ¢)
0

Oérouue = = tanf, y = tano, ¢(y) = r(¢)cosd, f(y) = ¢°(y) xu F(z) =
R(0). Téte n napandve oyéon nalpver Ty popeh

T 2 T 1 T
F(:r)z/O f(y)(l—ig)dyz/o f(y)dy—mz/O F)yPdy.

Oérouye g(x) == [y f(y)dy x éyoupe
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1 1 z
= g(2) - —g(e)e® + > / 9(y)2ydy
€T T 0
T y

:% Oxg(y)ydy—;/o y(/o f(t)dt>dy

- " Pla) - / y< / yf(t)dt> dy
n CZU(””;F(Q;)) - :v/omf(t)dt
U

L)) - [ s

L(aGr) - en

Me tig ahhayég eTaBAnTOY Tou €yvay Tapandve, ot ouvirxeg Tou {nTdue yio
e r(6), r(0)sind ahhalovy woph. Agol ¢(x) = r(#) cos § naipvoupe 61t

~

xp(z) = ig;er(G) cosf = r(f)siné.

Oéhoupe 1 p(x) v efvar xator TUARATA BUO YOPEC CLUVEYNOS TapayWYiown Xat
n () va eivan @divousa xon xolhn ouvdptnon e ¢(x).

Egappéloupe emnhéov 1o petaoynuationd ¢(x) = z dnhadh x = ¢~ 1(z). ‘Eto
Untdpe 1 2907 1(2) va eivan gdivousa xar xofhn cuvdptnon Tou z. Anhadh

iz—lz:_lz Z_IZ/: 1z Zl
02 G (@) =T @+ ) =T R T 2
_ @) el _ e
- ¢ (x) +S0/(73)'

Agol x> 0, p(x) > 0, n oyéon avth uropel va toyder pdvo av ¢’ (x) < 0 xou
o€ auTH TN TEplnTwon elvon 10odUVAUN PE TNV

z¢' (z) + p(x) >0 (2.4.2)

Emnhéov, n 2z~ 1(2) eivor xofkn av xot pévo av

- (i)
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= +

1 16000V
2[¢'(@)]" > p(@)e" (x) (2.4.3)
agol ¢’ (x) < 0. Apa 7 (i4) wooduvapel e Tic oyéoele

1"

Ocwpolye wo pxpt| apvnTixh petoBohdy e R(0), dnhadh e F(x). Téte and
v oyéon (2.4.1), éyoupe

510 = 4 (G (5 +07) ) - i (i (5 ran) )

xow ANOY® TNG YRUUUIXOTNTAS TWV TopUY YWY, TaipVouue

§f(z) = Z(ld(f;w)) (2.4.4)

¢'(2) <0, z¢'(z) +¢(x) >0, 2(¢'(2))* > p(x)p

x dx
Oewpolye topa 10 V = fog 76(0) cos* 0d = fog r%(6) cos® 0d (tan 6) xou

pe touc {Blouc petaoynuatiopolc 6nwe mapandve (yta v R(0) ), dnhodA
z = tanf, f(x)=1r°(0)cos®f naipvouue

V= /000 fg(:v)da:

Téte v avtiotowyn uetaforr tou V' da eivor

5V = /OOO(er&f)g(x)dx/ooofg(x)dx

_ /Omf?m(u ‘}’C)gdx—/omf?(x>dx
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:/Ooofﬁ()(1+§‘>f+o 5f d—/ 5

—g/ooofgi{dx—k/ f%(x)O((—)Q)dx
:g/ooofé5fdx+/ 5 O(((S;) ) 2

Oa emthéZoupe Ty IF étot wote auth (dpat xou 1 df ) va undeviletan €€w and
éva drdotnpa (o, F) pe 0 < a < B < 00, 610 0Tol0 Ot AVIGHTNTES TTOU ANAUTOVYE
v Ty @ ebvan yviotee. Téte, av 1 0 f emheyel €tor Gote auth, N TEGTN Xt
7 debTepn Tapdywyde TS va efvan xpée, ol aviodtnteg Ya e€axolovtoldy va
oy bouy Y T ¢ + d¢. Tote

[ rto(( e = [ to(())is =o( L)

«

‘Etot,
5f\2 6 [ 0f\2
/ F30fdx +o((f) ) = 5/0 @(m)éfdx+0((7) ). (245)
©éhoupe OV > 0, ondte apxel vo toyle

/ pdf > 0.
0

Dati téte, av emiélouvpe ) petaBory MO f yio apxetd wixpd A > 0, €yovue

3V = A(? /OOO o(z)dfdz + AO(((?)Q) > 0.

Anéb v oyéon (2.4.4), éyovpe

o ® d/1d
/0 Lpéfda?—/o SOalcc<a:alcv< 5F)>d:c

- (p(x)i(czc(ajéﬁ’)) ’;O ~ /OOO o)~ (di( 5F)>d1'-

O npdroc npoodetéog eivon 0, agol n 6 F pndevileton €€w and to (a, B). Ondte

" s fde =~ (@)L oE| TGE
/0 pofdx = go(a:)x25F‘0 —l—2 ; <x>x5Fda:.
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Oéhouvpe howmdv va Bpolue Wi @, 1 omolo va txavonolel T anatodUeveg
/
. .. / 7 N4 e
ouviiixec (i), (ii) xt emnhéov (%) < 0, og xdnolo BIdo THYA, WS UTOBLEC THUA

Tou onofou Yo emhéEoupe 10 (a, B). Tratl téte

00 N 0o
/ (ﬂ) 2?0 Fdx = 2/ wdfdx > 0,
0o 7T 0

xt €tol tehxd and v oyéon (2.4.5) Ya éyoupe 61 §V > 0.
M tétota @ eivon

?)_Ta, 0<z<a

3—a (z—a)?

p(r) = 3 T aimay ST
%, 1<z<400, O<a<l.

Me otoyeundelg npdeic unopodue vo SoUPe OTL 1) GUVAIRTNOT] AUTY LXAVOTOLEL
bhec Tic ouvirixec mov ypewalbuacte. To didotnua (a, B) mou avapépinxe
Topandve €0 efvan to (o, 1).

II.] n=5
Ebw €youue

o 1
R(9) = /0 () cos? gb(l — tan? ¢ cot? 0) 2de,

EVG 0 N—OWIOTATOS 6YX0S TOU COUATOS Va efvan

INIE]

8w4/ 75(0) cos® §dh
5 Jo

‘Onwe oty nepintwon n = 6, xdvoupe alhayr yetofintodv @ = tanb, y =
tan g, p(y) =r(¢)cos e, f(y) =¢*(y), F(z) = R(0). Tére

d¢

cos? ¢

0 1
R(0) = /0 r4(¢) cos* gf)(l — tan? ¢ cot? 0) ?

T 2 4
Fa) = [ f)(10- L) ay

e N

F(x) = /Oxfgvy)(x2 —yQ)%dy
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/f :v—y%y

/ fly) 2)%2ydy

@sroups s =22 t =19y? G(s) = 22F(2),9(t) = L f(y), ondte N napandve
oyéon yiveto

=~

=~

Mapaywytlovtag €youpe

G'(s) =g(s)-0+ /03 g(t) (2.4.6)

Ou YpNOILOTOTOVUE TNV LGOTNTA

0)—/0 St

Auth oyler bt av mhpoupe To [ \/% xou %dvoupe aAharyry UETOBANTAS
T =/t Yo ndpouye

/S dt _Q/ﬁ dx
0 Vit(s—1) 0o Vs—uz?
xou av & = /scosy

3
Vssing —dt=2 dy=m

=-2
Vs — scos?y 0

Suvendg, 7f(0) = [ Z(O) dt
‘Etot and v oyéon (2.4 6) €y ouye

2G’(s)—7rf(0):/0 S [
xau dpa
26/(6) = mf(0) = [ (o) - L)) -2 (2.47)
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Egapuélovpe tdpa 0 tOn0 avtiotpopne tou Abel (BA. Xuumknpwuatixd) ye
a=0,b=1, h(z) =2G"(s) —7f(0) xu f(t) = g(t) — &\/%), onoTE 1) oyéon
(2.4.7) poc diver

L F(0)  singoproa oy
o) - L2 = T2 [ a6~ m(0))

Gpa

1

0 _2 60
g(s) N 77/0 s—tdt' (2.4.8)

Avéhoya pe Topandve, epapuélovue Tic ohhayéc peTafhntay s = 22, t =
y?, G(t) = 2yF(y), xu g(s) = %f(x) OTOTE €YOVPE OTL

[Fw + W] = (s w)’
pdeis
G'(t) = (1( ( ))'),Z‘z ;y(;(yF(y))’)’

‘Etot 1 oyéon (2.4.8) nalpver tn popph
f@) 1O 2 [y W
[ Curw)

T xr s

Yy e =y
f 2 ["/1 N dy
)= 10)= 2o [ (Lwrw))

‘Oyota pe v nepintworn n=6, Yewpolue wa wixph apvnTix?| UETABOATY TG
F(y), n onoto undeviletar éZw ano éva didotnua e popehc (o, 3), 0 < a <
0 < 0. 'Etot,

6f(x)=(f+6f)(x)— f(x)
=2 [[Corror)) e =2 [ Cwr)) <y

Y

10 omolo twolTon Ye
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‘Etot, av x> /[

3w

(;(yapy)’(H;yQ +gg4+o(y2))dy

6

1 [*/1 N'Y 2 8,1 A
+7r/0 (;(yéF)) deerﬂ/a (;(yéF) ) o(%)dy
1

21 o 1 y?loo 2 [ 1 31 yt o0
3 00 /y2 21 , yﬁ ) 2.6 00 , y4

T va unohoyiooupe 10 TEAeUTAH{O OAOXNPLUA TNE TapATAVL Tupdotaong (e-
pappoloVTog TapayovIiXY ONOXAHEWOT)) TEETEL VAl TOPATNEHCOUUE OTL O(g—z) =

s 71/2 y2 k 7 e 4
Z ( k ) <_P> , ONOTE T] TEO(QO(OTO(GT] YiveTal

k=3
2 1o 3 vl o4 3.2 [P
S il RIS L 22 [ s g
00zl TR x4y2x+7r/0 P
——yéF o °° / SF - o
6
- y25de+/ 5F-O(y—6)dy
™ 0 ™ Jo x
Loy et ot
/006F~O(y4)dy:0(1)
0 x6 x677

agol 6F = 0 é€w ano 1o ddotnpa (a, 3), ondte

00 y4 Jé) y4 B A 1
/0 5F-O(966)dy:/a 5F-O(I6)dy:/a SFy'dy-0(—g) (24.10)
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Ondte €youpe ot

6/ y%de%—O(%) (2.4.11)
0

mat

0f(x) =

Anéb v oyéon (2.4.10) énetan ot TO O(—6) elvon wixpd, av 10 OF eivon pixpd.

[aipvoupe tdpa T0 ohoxhripwya Tou eppoaviletar 6Tov TOTO TOU N—0OLdo TATOU
OYXO0U TOU GOPATOS A,

-

Me adharyt peteBantic rtcost 6 = pi(z) = f(x), = = tan6, éyouue

= /OOO f%(l’)dw

Ondte yio v petaBorr §V tou dyxou, mov avuotolyel otny petaBorr) o f Ya
€y OuUE

jus

5(0) cos® Bd = /2 75(0) cos® Bd(tan 6)
0

6V:<V+5V)—V:/Ooo(f+5fi da:—/ £

[t [
et i —/ i
)

_5/°Of25fdx+/ f%(x)o o7 2)dac
/ f45fdx+/ £i( ))dw

:Z/O e 5fda:+/ i ((i;f) )da (2.4.12)

O€hovye 1 ToCOTNTA %f va ebvor opotdpopga wxer oto [0, 4-00), yiotl TétE TO

O((%f) Yo ebvon opotdpopga uixpd xot €tot 10 2° ohoxAfpwua oy oyéon
(2.4.12) Yo ebvon pixpd.
(H)H 5]{; = i—{ elvan opotdpopga geaypévy oto (0,+00), diétt 1 xp(r) =
sin

elvor Qparyuévr amo xdtw xowg & — +00.
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H tehevtaia napathpnon npoxintet ano ty oyéon (2.4.11) and v onoio -
YOLUE

5f((xx)) ‘ = 7rx4<,(054(x) ‘ /OOO y25de‘ + 0(1’16)90411') - O(x‘lgpl‘l(x))'

Emniéov, and v (2.4.11) €youype ot 1 % elvon %ot OUoLOpOPPA IXET|, OTAY 1)
OF elvon wxpn.

‘Eyoupe ndper Aowndv wor juxet| apvntixy wetaBolr) tne £ xar Yéhouvue va
éyouue Yetx| uetoBory tou n—odidotatou byxou V. And v oyéon (2.4.12)
apxel va toyvel ot

/ p-0f >0,
0
oo, av 5;(((;")) <n téte
5 [ o0 )
6V:4/ ¢<x)5f(x)dx+/ @(x)éf-O(—f)dx.
0 0 f

"Totepa ano wo oetpd Tpdiewy, ypnotponowwvtag Ty oyéon (2.4.9), to napo-
Téve ohoxhfpwua YiveTto

00 9 ] 00 s0/, dx
Sfdr =2 SF)? Yy 24 2.4.1
/090 fdx W/O y/y (:C)\/my (2.4.13)

H andderln tne (2.4.13) Beloxetar oty tehevtaio napdypapo (Bh. Tupminpw-
Lot ).
IMo va €youye howndy

2 o0 o8] AN d
/ 5Fy2/ (£> % >0
m™Jo y xT xr2 — y2
apxel
00, Iy d
/ (3) B <o,
y NT o r?—y?
aot €youvue Yewpnoer 6F < 0. Mdhiota agod 6F = 0 é€w ano éva unodLd-
oo tou (o, B) opxel va oy et

0, Iy
/ (ﬁ) A,
y 7T x? — y?
oy € (a,f).

Yuvenwg, TEEnel Vo eTIAECOUPE XATAAANAT oUVAETNOT ¥, OUolwS P TNV Tepl-
Ttwor n=06, 1 onola va txavornoiet Tig anotolueveg cuVIRXES
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i. ot p(z) o xp(x) va eivar ouveyéc oo [0, +00)

i 29 + 9 >0, 2(¢)2 —p-¢ >0xu ¢ <0

N/
i, [ <£> de__ <), o xdnowo ddotua (o, 3) ue 0 < a < f < oo

y \| = 22 —y2

Oewpolue TV cLVAPTNOY

1+d(1—04)7 0<z<a
o)=1¢ 1+d(l—a)? —dz—a)?a<z<1
T, 1<z<+400, O<a<l

pe 0 <a <1, 1<c<2xoud:2(2l__ca).

93

Edxoha ynopolye va dolue ott ot ¢ xa xe eivon ouveyeic. T v (ii) no-
patnpolue o1t oto [0,a] wyber p(x) = 1+ d(1 — a)?, dpa o1 ouvdfixec tou
amontodvTan efvan dueoec, ol xp' +p = 14+d(1—a)? > 0, 2(4,0’)2—g0-g0” =0

xan @ = 0.
Yo [o, 1] 1oyle

v +p=z(-2(x—a))+1+d(1- a)? —d(z — o)

H ouvdptnon auth éyel napdywyo v —2d(3x — 2a) 7 onoia elvar apvntixh
oto ddotnpa [a, 1]. Apa 1 cuvdptnon eivar pdivovoa oe autd to dido TR

Yo 1 nafpver ty T ¢ — 1 > 0 dpa efvon Vetint| oo [a, 1]. Eunkéov,
2((’0/)2 —- (,D” — 8d2(1’ — Q)Q + 2d(1 + d(l N OZ)Q - d(:L‘ _ OZ)Q) >0,

agol 1 —a >z —a > 0. Enlong, ¢'(z) = —2d(z — a) < 0.
Nox >1,

, c 20c=1) ¢ e¢—1 ¢—1
— _— R - —_ O,
TP + @ JJ( x2)+x 3 +x 72 2
2 "
2(0)" =@ =
2(7£+ 2(0—1))27 (E B c—1>(§7 6(c—1)) _ 2(c —1)? -
2 x3 T 2 x3 zd 26
o 2c—1) 2—2
, c c c—2—cx
— — <0,

acp00$2122(67_1).

c

Téhog, viwz =1, ¢ (1) =c—2<0, ¢(1)=1.
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‘Eyovtag emhé€et v ¢ mpénet va eeTAO0UPE av IXovoToLe(Tal 1 suVIxn
(ii). And v oyéon (2.4.11) najpvoupe ot

N

o+0p=(f+5f)

1
op _ 6 1 2 i
onoTE 5 i 1 1
®
o 2r0(=) == - 4+T 2.4.14
A (z)=-p+_+T) ( )
61OV

6 [ i
pzl—{1+—4 y25de}
wC 0

_1 oo oo _3
k= 6(05)/ y25de{1 n 64/ y25de} !
TC 0 e 0

Agol 6F < 0, wyler ont [~ y*6Fdy < 0, dnhodf 1 > 1+ %fooo y?0Fdy,
ondte p > 0, k < 0. Emniéov dtav 0F eivon uixpd t61e xan ta p, k, O eivou

/!

wixpd. Erfone dev etvan doxoho va anodeiZovpe ot T'(z) = O(Z%), T (z) =
O(5)-

'Etot pe ) BoRdewa twv napandve xa e oyéone (2.4.14) najpvoupe ot

2((0+60)) ~ (¢ +5¢) (o +5¢) >0

xou
:E(<p—|—5<p)/—|- (p+dp) >0

xad O r — +00.
Suvende, av 1o OF efvan pixpd, 1 (¢ + d¢) wavorowel v (ii).
Tpa péver vo anodeifovye v ouvifxn (iil):
, /
O’ anodeiZouvye ot [° <@) \/% < 0, ondte Vo oyver 7 (iii) yio éva
dido o mou Yo meptéyel To a. loylel ot

——dz+ A

[[ED = =
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pe adhayn LeTaBANThc © = at 10 ohoxAfpwyua eivor (0o e
2 [ dt

a i e2Vi2-1

3¢ _ 8(0—1)] dz

zt 25 122’

r —+ , 7 7
Etotav a — 07 nafpvouye ott 1 TeAeutala tocdHTRTOL —

dr+ A,

6mou A efvan o gparypévog bpog [

STMIIAHPOQOMATIKA
1. Metaoynuatiopdc Abel

Av vy 800 cuvapthoeic u xaw v oy lel 6Tt

e )
u(s)—/o (s—t)adt’ 0<a<l

_ osin(ma) d[° u(t)
v(s) = - dt/ mdt

—0Q.

_ sin(ra) [ /0 du  dt u(0)

s dt (s —t)l—e T

[0}

95

[ v anddeilr e oyéone (2.4.8) epopudlouye oV Topandve YETUOY NUATL-

oud pe u(s) = 2G'(s) = 7£(0), v(t) = g(t) = LE w0 =
npdleic N oyéon (2.4.7) pac diver 61t

f0) _ 2
g(s)_\/g_ﬂ,/_mt

(oyéom (2.4.8) ), agot 2G'(0) — 7 f(0).

2. Anédeiln e oyéone (2.4.13)

1

T [ [~ ’ 1 ! ’L T
2/0 gb(m)éf(x)da:—/o m(x)/o ([ WoF)) ————d

2

_ /:O o(2) /Ob(;(yap)’)’(fo S1- %%)dyda:

)

b z 9 N T
w [ Lo [ r)

5. Onote ye anhég
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2

—Ab(;(y5p)/)/lm¢(x)<¢;j—l—;i?)daﬂdy
+/Ob(;(y5F)')'/yb90(w) o s dady
:/Ob(;(ygF)/)’/boo@(q;)(\/:fy?—H;yj) dzdy
b1 o P /

—|—/0 (g(y(SF)’) /y go(x)(\/xZ—yQ) dxdy
- [t (v 18
_/boosp’(x)(\/W—x—i—;yQ)dx}dy
+/Ob(y(y5F ){ \/ﬂ—/ \/mdﬂf}dy
Z—/Ob(y(y5F)) /boosO’(fv)(m—fH;ﬁ)dmdy
—/b( (yoF) )/ )V 2? — y?dxdy

0 Y
- /0 b;(yéF)' /b ) s0’<a:)(— Ty_ = +%)dmdy
bq ot y
- [ ) / )y
b > o (x x
~ [wory | @i)<1—m>dxdy

b b 7
- SF) / ) T e
/0 (yoF) B




Kegpdiawo 3

Mt eviala AVon 61O

TEOLANUA

3.1 Xpnoweg €vvoleg

3.1.1 Opiopol

Zoua ovopdloupe xdlde ouunayég unootvoro tou R™ ue un xevé eowteptxd,
onote xUpTd owua ovoudletor xdde cduo otov R™ mou elvar xuptd. Oa unodé-
TOUPE 6TL OhaL Ta XLPTY owuata TeplE€youy To 0 610 ecwtepd Tous. To olvolro
TWV XVPTOYV cwudtwy pe v Hausdorff tormohoyia Yo 1o ouyBorilovue pe K,
EVE TO GUYOAO TV XUPTOY CUPUETEIXWV CWUATOY PE XxEVTEO cupueTpiog to 0
Yo etvar o 7.

Yuvdptnor othpigng evog owpatoc K otov R™ ovopdloupe tn ouvdptnon

hi(z) = max{(z,u) ,u € K}, x € R".

H ouvdptnon othpine xadopilel 10 xuptd cwua K. Anhadd, av K, L xvptd
ocoyota xu hy = hr, 161 K = L.

Mpdypat: 'Eotw ot undpyet u € K ye u ¢ L. Tdte undpyet unepeninedo nou
drarywpiler 10 u ano to L, dnhadh undpyet & € R™ pe (x,u) > max{(z,v) :
v € L}. Apa hg(x) > hr(x).

Av 1 ouvdptnon otheilng evog cwUaTog etvan dTia, TOTE 10 owua Yo elvor
OUUPETEIXG pE XEVTpo ouupeteiog To 0. Autd umopoldue va 1o doldue wg e€ng:

h-g(x) = max{(z,u),u € —K} =max{(z,u),—u € K}
= max{(z,—u),u € K} = max{(—z,u),u € K}
= hi(—x) = hg(z).

97



98 KE®AAAIO 3. MIA ENIAIA ATYH XTO IIPOBAHMA

Y10 €€hc Vo ypdgouue 0-cUPUETEIXG EVVOMVTAS OTL TO OWUA EiVOL CUUUE-
Tpx6 pe %x€vtpo To 0.
Axtivinr| ouvdptnon evog owuatog K ovoudleton 1 ouvdptnom

pr(u) = sup{\ >0, \u € K}, ueR"\{0}.

Mo owyata mou nepiéyouy 0 0 6T0 EoWTEPIXG TOUG 1) AXTIVIXY CUVAETNOY Elval
Yetin) xou opoyevig TdEng —1, dniady

px(cx) = ¢ pr(x), ¢ >0

YugPoriloupe pe C(S™1) tov yhpo Ty GUVEXGY CUVARTACEWY TdVe GTT
Sl evey C2(S™ 1) da ebvar o ydpog TV dpriwy C™ cuvapthocwy mou
opilovtar tévew oty S™L epodiacuévoc e THV ToToAOYIX TNC opOLbUOpHNC
oOYXAONG AWV TWY TOROYWYWV.

Tpela Baoixd epyaheior Tou xegahaiov autol elvon o petacynuatiousds Fou-
rier, o yetaoynpationds Radon xadde xat o ogarpixds yetaoynuationds Ra-
don.

Oa ovyfoiiloupe pe S 10 obvoho twv test functions, 1o onolo opiletan
va efvan 1 xhdon 1oy C° cuvapticewy ¢ oto R" pe tiwéc oo C, ot onoteg
“@divouy Toh) Yehyopa 670 drelpo”, evd e S’ Yo cUBONZovyE To YhEo TV
XATAVOUWY TAVe ano t0 S.

IIo cuyxexpwéva, o ypog S anotekeiton and TIC CUVARTHOEIS TWY OTOIWY OAES
Ol PEPIXES TPy WYOL UTdPYOLY, Efval GUVEYEIS Xou Yiol TI¢ OTOLES Loy Vel

sup [2°(DP¢)(x)| < os,
z€R™

Yo Gheg Tic n-ddec o = (o, ..., o) xu B = (B1,...,0n) g apynuxdy o-
xepalwy. Tao o, B ovoudlovtar moludeixteg xau opilovtar, yia ¢ € R™, 2% =
201202 g0 oy DB = @Bt oo gl

To 6Ovoho 8’ GAwV TWV GUVEY MY YPOUXDY CUVHPTNGOEWDOY 6T0 S AnoTE
Ael Tov ydhpo twv tempered xatavopdv, 6tav 610 S Yewpolue v Tonoloyia
IOV TEPLYPAPOVYE TOQUXATE.

Ia xde dratetarypévo Lebyog (o, B) ano n-ddeg un apynTxdy oaxepaionv o-

oilovye Y NuVoEUd pag(9) = sup |z(DPe)(z)| otov S xw Ty Mui-ueTpIxt,
TER™
03(,0) = pap(p — ). Av dy, by ... elvon Ohec ol u-peTpixée auThAC TG

pop@ne, Yewpolye Ty d, 1= 1-%21/ , n=12,.... Hd, eivar ga nu-yetpixy,
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toodOvaun pe v dy, xou emnhéov dyp, < 1. H petpied| 1 onofa opilet tyv tomo-
hoyla tou S, opileton téTE Vot elvant 1

d= i 27"d,.
n=1

7 7 7 ’ d 7 e
EdOxoha unopodye va 8o0ue 0Tt ¢, — @ av xou HOVo av ¢ — ¢ w¢ Tpog xdie
dp, xadoc k — +oo. 'Etot, naipvoupe 61t ot dravuopatixéc npdiele

(6,9) — o+
(,) — ¢, a €C

elvor ouveyelg, ondte 0 YLEOg (S,d) elvol €VaC TOTOAOYIXOG BLAVUOUATIXNGG
Y WEOS.

‘Eyovtag oploet tnv tonoloyia Tou S, unopolue va dolpe ot
‘Eva ypauuxd ouvaptnooedés L otov S eivon tempered xatavour| av xat pévo
av undpyet otadepd ¢ > 0 xou axépotor aprduol m xou [ T.w.

L@ <e S pas(e),

lal<i
[B]<m

v xdde ¢ € S ( [S.W.], 6eh.22).
Av f eS8, ¢ €S, ypnowonowiye xou 1o cbpBoro (f, ¢) avti tou f(¢).

O petaoynuatiopée Fourier prag ouvdptnone f € LY(R™) opileton ¢ e&c:

fl@)= [ f(&e"de.

Rn

Av ¢ € S, 1oylel xou <Z> eS. Av f € 8/, o petaoynuatiopde Fourier f ™
xatavoung optletan wg N xatovouy mou divetal ano Tov TOno

(f.0)=(1.9), 9 s
Avn ¢ € S ebvan dptia, téTE
(6)" = (2m)"¢

Av o g dev elvor axéponog, té6TE 0 peTacynuatiopds Fourier tng ouvdptnong
|z|9, z € R, wolta pe ( [G.V.] vol.1, 6eX.173)

("(0) = 20+ )sin T teR (3.1D)
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M xatavouy, f ovoudleton dptia opoyevhc TdEne p € R, av

(£:6C)) = 1" (£.9).

yio xde ¢ € S, t € Rue t # 0. O peraoynpatiopdéc Fourier piog dotiag
opoyevolg xatavopng Tang p efvan wio GoTiot OQoYEVAS xorTavour Tagng —n—p,
([D], oex.154 ).

M xatavous| f Aéyeton Vetind opiopévr, av yio xdde ¢ € S

(f.0x8) >0
6mou ¢(z) = d(—x).

Mia xotavoun etvon Yetind oplopévn av xouw povo av €ival 0 UETACYNUATIOUOS
Fourier evéc tempered pétpou otov R”, ( [G.V.] vol.1, oeh.152).
‘Eva pn apvntind pétpo i Aéyeton tempered, av yia xdmoo a > 0

/ (1 + [l2ll2)*du(z) < oo.
R’!L

LCevixd, xdde Yetind| xatavouh f (dnhad tétowa dote (f, ) > 0 yio xdde un
apviTixd] ¢ € S) elvon éva tempered pétpo ( [G.V.] vol.1, oeh.147).

Onéte pa xatavous| Yo etvon YeTixd oplopévn av xou LOVO av 0 UETAC Y NUATIOUOS
Fourier tng etvar wio Yetinr| xatovour.

O ogapixdc yetaoynuationde Radon eivon évag gpaypévog tehestic 010
C(5" 1), o onolog opiletar e tov 17O

RIQ= [ fds fec(s™ ), ge s
Sn 1061_
Efvar autoouluyihe, dnhadf yi f,g € C(S"1)

(f,Rg) = (Rf,g). (3.1.2)

Tryv 16Tt AU T TOU PETACYNUATIONO) PTOPOVUE VoL TNV BoVUE w¢ eEAC:
Av f,g € C(S™1), éyoupe

[ s@rgte )dx-—g/ﬂ f@) [ adsds
_ /S 1/Sn Lt d{dm—/sn 1/Sn o, T @€

= /S 9(¢) /S g, T@rde = /S  RI©)g(€)de = (Rf.g).

(f, Rg)
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Av meplopiooupe tov petaoynpatiopd oto C(S™ 1)) 1é6te o pée tov R
AVAXOLY GTOV (B0 Y WO o O

R:CX(S™) — C2(5"7Y)

etvar ouveyrc, 1-1 xou ent, ([He], oek.161).

Ou cupPoriloupe pe De(S™1) tov ydpo Twv dptiwy xatavopdy otny S™L
O D (8™ 1) etvan 0 duixde Tou C2(S™1).

O R eiva ouveyfic, 1-1 xou ent anewévion and 10 C(S" 1) 510 C(S™7L),
on6te 10 (B0 Vo oylel xan Yo Tov avdoTeogd Tou R*, o onolog avticTolyel
otov petacynpatiopd Radon yio tig xatavoués

R* : Do (8™ 1) — D (S™7h).

INo tov R* 1oy bel 1o e€nc:

Av F € D(S™1), xatavour nou avtio toyel o€ pio ouvdptnon f € CO(S™ 1),
drhadh F(g) = [ fg, yio x&e g € Coo(S™1), té1€ 0 ootpixde petaoynuor-
ouéc Radon tng xatavoure F' do etvo

R'F(g) =FoRlg) = [ fRg= [ Rty

Mrnopolue cuvenmg va todue 6t o R* ebvan enéxtaon tou R. ‘Etol xat yia tny
nepinTwon Tou yetacynuatiopot Radon yia xatavopés, o yenoiponoobye tov
ouvuPolioud R avti tou R*.

Av tdpa p gtvan éva nemepacpévo Borel pétpo atny S téte 0 soapixde
uetaoynuatiouéc Radon tou p opiletar w¢ 1o pétpo Ry otnv S yia 1o
omolo oy leL

(R, g) =G Rg) = | Rg(E)du(&),
yio ke g € C(S™1). Mropolpe elxoka va Bodye 611 0 THmoc autée opilet
pé€tpo, apol

\ /S Rf(ﬁ)du(f)) < B [|oore(S™7) < el flloo-

Agot o R, etvan 1-1, enl xou ouveyhc aneixéwion, to (Bio oy et xou yio Tov R,
onéte and 1o Oedpnua Avowtric Arnecdviong npoxinter 61t xon o (R*) ! eivan
wa 1-1; enf xan ouveyfc anexévion and 1o C(S" 1) 610v cautd tou. Ondre
AVANOYOL UTOPOUUE VO €Y OVUE TOV AVT{G TROPO caiptxd petacynuatiopsé Radon
XL Y10 TNV TEPITTWOY TV XATAVOPGY, Tov onofo oupPBorilovue pe R
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"Etot av v éva nenepaopévo uétpo Borel oty S™71 o avtiotpogoc petacyn-
patiopog Radon tou v, opiletan wq n xatavoyy| yia tny onola loylet

R(Rfly) = .

‘Eyovtag oploet toug 800 petaoynpatiogols, unopolue va dodue xou Tig
OYETEIS TOU TOUG GUVDOEOUV.
[ xdde € € S xa yia xdde dpnia ¢ € LY(R™), 1 ouvdptnon t —
o(t€), t € R, ebvan o petasynuatiopée Fourier tne ouvdptnone
z— [ ¢(z)dz, agot
(z,6)=2

5 = 2)e Wiy = [ 7 x)dxdz 1.
609 = [ o@e o= [ [ o)z (313)

R (&x)=2

‘Orwe efdage xo mo npwv, av f € S, dptia, td1e (f)A = (2m)"f, ond-
e 0 petaoynuatiopnds Fourier tne xatavophc ¢ —— ¢(t§) da eiva icoc pe
2r [ ¢(z)dr. K av ¢ € LY(R") dpnia xu ¢(t€) € LY(R), té1e

(€z)=2

/ o(t)e M dt = 2 / o(z)dz (3.1.4)
R (&x)==2

Ocswpolpe topa ¢ € LI (R™), 1 onofa eivor ohoxhnpdoin xu o€ unepe-
nineda xu & € S"7L, t € R. Téte o petaoynuatiopdc Radon tne ¢ otny
xatedduvon tou £ ato ornuelo t opileton wg e€rg:

Roet) = [ o

Evo yio tuyaio Sidvuopa € € R™\ {0} o petaoynuatiopdéc Radon oty xated-
Yuvor tou § oo t elvon

1 &t
Ro(&5t) = Ro ; ;
0= e el Ter)
6mou || - |2 ebvan 1 Evxkeldeia véppa. ‘Onwe xar oty nepintwot tou ogouptxol

petaoynpatiogol Radon, v oyéorn nou ouvdéel tov petaoynuatiopd Fourier ye
0 petaynuatiopd Radon yia & € R™ xou t € R eivon n (3.1.3), tood0vaya 1

d(s6) = (Re(&:) (s),  (3.1.3)
yio xdde & € R™\ {0} xu s € R, ([He], oeh.4).
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3.1.2 AocTepbpoppa COUITAL, CWUATL TOU®MY XL 7 CL-
VAETNON TALIAANALY TOUOV.

Ao tepoedée olvoho (we npog to 0 ) Aépe xdde olhivoho Y to onofo xdie to
evdbypaupo Tpnua Tou ouvdéel éva onuelo tou ue 1o 0 Poloxetar yéoa o1o
oUVoAo.

Actepdpoppo omua ovoudleton £va Un XeVO a0 TERPOEIDES GOUA, TOU OToloy
1 Tt ouvdpTtnom ebvar ouveyhc xon Yeted oty S™L.
To chvoho auT®V TwV cwudtey Yo 1o cuyPoliCoupe ye Sb, eve T0 6UVOLO TwVY
owudtey tou emniéov eivon 0-ouupetoixd, ue Sbe. I K, L € Sb woylel

KCL<spr <pL (3.1.5)

Ydpo Topdv evog actepbuoppou couatog L C R™, n > 2 pe oxtivixn
ouvdpTnon pr, ovoudleTal To ao TEpoUoppo cwua I L, yio 1o onofo oy et

(3.1.6)
yioexdde u € S H prr, bnoc opiletau (cav ouvdpTnor 6yxou) eivar cuveyhc
xat eter. To oUVoho TwV CWEATOY TOUWY 00 TEPOUORPKLY CLPATWY Vo ouY-
Bohileton ye Z, ev@d Yior ToL OWUATA TOPGOY TOU TpoépyovTtan and 0-cueToixd
Yo ypnothonotolue oV cUUBoAoUO L.

‘Eva actepbuoppo owpa K C R™ Aéyetar oodua Topdy av LTdpyet évo
REMEPUoUEVO, dpTio, un apvntid Borel pétpo p oty S™L, tétowo Gote px =
Rpu.

Av K 0-cugyetpixd ao TEpOUOPPO COUA, TOTE 1) CUVARTNOT

|z||k = min{a >0:2 € aK}, v €R",

Aéyetan ouvaptnooetdés tou Minkowski nou napdyeton and 1o K. Ioylel ot
RTINS

pr () = [l -

Iood0vapa hoimdy unopolye vo TOVUE OTL COUO TOUWY OVOUdLETOL €Va Ao TE-

pbuopypo ohua K C R™ av undpyet nencpaopévo, (un apynuxd) dptio Borel

uétoo p oty S étol dote ta || - ||t xw R oupnintouy we cuvaptooetdi

n—1 2, L z 7 Z 2
oto C(S"1). Onwc avagépinxe xon topandve R etvor o TENEPACUEVO YETPO
Borel oty S o optletan we &g

(R, ) = (u, Rf) :/

Sn

| RFO)ip(6)

v xgde f € C(S"L).
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‘Eva oopa touwy K evog actepdpoppou owpatog K elvan eniong éva aodpa
TOUQY QoY prg = Ry, émou [ 10 Y€tpo mou aVTIoTOEl GTNY CUVAPTNOT
TPk

To avtiotpogo dev 1oy Vel eV YEVEL
I nopdderypa ([Gad],0. 8.1.16, Rem. 8.1.17) évag x0hvdpog otov R* Bev ei-
VOl GOPOL TOUWY EVOC 00 TEPORORPOU COPATOS, Eival duws oopa Togwy. TTapdha
autd o Zhang, [Z3], édeile o1t éva owpa Topdv L C R™ pe pr, € CH(S™)
elvol COU TOUWY EVOS UG TEPOROPPOU COPATOC.

Eotw K € Sb. H xatavout, R~ pxk ovopdletan Suwxh Yevwhtpta xatavops
Tou K xon ouuPBohiCeton pe fig.

‘Evac 10odbvopog hotndy oploude eivon o e€n¢:

'Eva actepduoppo 0-cuppetpind oduo K héyetor odpo Topdy av 1) dulxt] Yev-
viTpla xatavopt, fi ebvon wétpo. Ko av to fig elvon npoonuacpévo pétpo
Yo Aéyeton yevixeuuévo obpo touwyv. Anéd Tov opioud tng dutxic YevvATpluC
xatayopng ot Tou avtio tpogou petaoynuatiopold Radon nafpvouue 6t

() = (. R f) - f e (5™, (3.1.7)

H xatavoun fig eivar pétpo av xon uévo av i (f) > 0, yio x&de f > 0, pe
f € C(S™1). [ Sc]. Av ¥éooupe g = R71f, téte and v oyéon (3.1.7), éva
owpa K € Sbe eivon owua Tou®Y av xar 4ovo av

/Sn—l pr(u)g(u)du > 0, (3.1.8)

v x&de Rg > 0, pe g € C°(S™71).

D xdide € € S, optloupe TV ouvdpTnoTn TapdAANAwy TopMY, 2 —
Ae(z), z € R, evée 0-ouppetpixol aotepduoppou copatoc K o eic

A = 1K N (€ + 20l = [ xlale)de = Bx(] [)(&2),

(z,6)=2

6mou X 1 yapaxtnes uxf cuvdptnor tou [-1,1]. T tuydv € € R™\ {0} Vétoupe

1 & z
Ag(2) = = Bx(l - 15) 777 -
el (el )
H ouvdptnomn napdhhnhwy topdyv eivon log —xoldn xat av 1o owya K eivar 0-
OUUUETELXO, doTidL.
Ané my oyéon (3.1.3), v xdde otadepd £ € R™\ 0, o petaoynpatiopde
Fourier tng ouvdptnomng napdhhnhwy touny Yo eival

Ae(t) = (x(I - 1x)) " (£€).
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INat € R, éotww t4 = max{0,t}. Av ndpoupe ¢ € S n onolo undevileto
ot Wwa teptoyny Tou 0, t61e TO

@%¢@>=Amﬂwww

undpyet Yo xde ¢ € C xan emmhéov 1 cuvdptnon

— > q
q /0 tio(t)dt

efvar Srapopiotun oto C xon ouvende avahvtxy. ()

AnddeEn tou () :

’ . 4 Z, 1 4 8F
Eotw F: Rx C — C petprion ouvdptnon, Yo tny onola undpyet 1 5. (¢, q)
x €yel Ty dTNTa 6T Yo xdde go € C umdpyer mepioyr V' tou qo o OhOoXAT-
pwatun ouvdptnomn g : R — R étol wote

!%me\smm

v xdde g € V,t € R. Tote n ouvdptnon

I(q)Z/RF(t,rJ)dt, qe C,

2 14 ’ a 14
elvor avahuTin]. Autd amodeixvietar we eERC:
Av ndpouye 1o dpto Tou mnAixou

(g0 +h) = I(q0) :/ F(t g0+ h) = F(t, q0)
R

dt
h h

v h — 0, 1 oUVAETNOY TOL OROXANEWVOLUE GUYXALIVEL O TNV %—Z(t,qo). Apa
apxel vo pmopolyue va egapuboouue o Ocdpnua Kuptapynuévne Xiyxhione yia
xdde oaxorovdia h, ye hy, — 0.

Emhéyovtag mepoyn) V' xou ouvdptnon g émwg otny unddeon, toydet tehxd
Yo Oha Tat 1 6T

0 S (t.a)dg| < g(t), tE R
ha 90 dq

F(t,q0 + hp) — F(t7QO)’ _
hy

Apa

I(go + ) — I(qo) —>/R(9F(t7%)dt7

h fq
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xave h — 0.
Egopuélovtac tov napandve cUALOYIoHO Lol TNV

F(t,q) = t% (1),
oToTE
OF [0, t<0
qu( 4) _{ t9log té(t), t > 0

To{pVOUNE OTL 1) CLUVAPTNOT
qr— / t9o(t)dt
0

Apa yia xqe g € C oplleton 0 GUVARTNOOEDES

ebvor avahutixh) oto C.

¢ — (13.9)

yio exetva T ¢ € S, ta omolo undevilovtar o wia neptoy) Tou 0. Kdde éva
OmO QUTA T CUVIPTNOOEWDY) Y ¢ 7# —1, —2,... EREXTEIVETHL OE [lAL XATAVOUT]
pe TNV dladixaoio Tou TERLYPAPETAUL TAUPUXITE.

Eotw ¢ € S xou Ti¢ 10 nohudvupo Taylor Baduot k tne ¢ (we npoc o 0).
Téte woylel

[6(t) — Thop(t)] <
v xqde t € R.

Av g € C, w0 ohoxhfpuya fol tdt undpyer av xa wévo av Req > —1, agol
[t?] = t7e4. Suvende, av m € N ye Req +m > —1, 161€ 10 ohoxhfpwpa

1
/0 t4(p(t) — Tr—10(t))dt

uTdpyEL, 0ol
t(0(t) — Tm-16(t)) = O(t"1°1).

Eotw g € C\{—1,-2,...} xa m o eNdyio10¢ Quotxde aprdude yia Tov onoio
oyler Req > —m — 1. Opiloupe yia xdde p € S

, B 1 . - 400 . ¢k: 1
(t ,¢>_/O t(¢(1) Tm_lsb(t))dH/1 t6(t) dt+Z )
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Av 1 ¢ undeviCeton oe pio teptoy’) Tou 0, TOTE 1) TUPANAVE TUPAOTAGT] YPAPETAUL

1 —+o00
/ ()t + / #96(8) dt
0 1

dpat 0 oplopée tou (th, @) ouprinter pe Tov mponyoluEvO.

O nopandve tOmog optller éva ypauuixd cuvaptnooeéc oto S, 10 onolo
elvon ouveyEq.
H ouvéyeio mpoxiintet ano tig €€ng aviodTnTeS:

1 q 1 (m) ' Reg+m
[ 9000 - Taao0)i] < o suplo™ @] [ e

‘/ " ()| < (/ m*”dt)S‘;P\ﬂf[Requ“@é(x)‘

AL

\i d)(kl B> sup 6+~ (@)
| /\+k — |/\+k| P '

Yuvende, Yo xdde g € C\ {—1,-2,...} opiletan 1 xatavops 2.
Auth) 1 owoyévela xatavouwy elvar «avohutixdy, onAady yio xdlde ¢ € S 7
oLVAETNOM

g— (t1,¢), ¢eC\{-1,-2,...}

elvon avahuTixy).

TTpdrypatt, Pmopolye Vo mopatnefioovue ot apyhv 6Tt o oplopds tou (4, ¢)
Topapével o Blog av emiéEoupe onotodnnote Guotxd apiud m ue Req > —m —
1. Thotl, av m o ehdyloTo¢ QUOIXOC TOU LXAVOTOLEl AUTY TNV AVIGOTNTA XAl
n > m, T6TE oL avTIoToLy ol TOTOL Yol To 7, M SLUPECOLY XATY TNV TOGOTN T

L = )
/0 (Tn16(t) = Ta1d )it + 30 G5

k=m+1

20 ¢ (0) s ~ ")
_/0 (St 1y )dt+k%l(k—1)!(q+k)_

‘Eotw Aoy qo pe Reqo > —m — 1 yia xdnowo m € N. Téte i (S avicotnta
oy Vel yia xdde g o€ wio xatdhhnhn teptoyy) Tou qo. O tpitog mpoodetéog mou
eugaviletor otov oplopd tou (t1, ), efvan pavepd avalutixd ouvdptnon tou
q. Ot dihot Bho mpocvetéol elvon NG wop@ng

/1 F(t,q)dt.
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Apa apxel 1 F' vo ixavorotel tig suviixes 6nwe avagépinxay oto ().
Yy nepintwon tou npdtou npocdetéon, £youle

F(t,q) = t"(¢(t) — Tn-19(1)),

OF
|5q (b0l = [t1108t(6(8) = Tu-16())] < ettt log ],
6mou ¢ = L sup [p(™) ().

T
Emiéyoupe éva a ye —1 < a < Reqo +m, xou neptoyr V tou qp €10l dote va
woyvel a < Req+ m vy xdde g € V. Téte, vyt € (0,1) xou ¢ € V 1oy0et

oF
\afq(t,q)} < ct*|log t|

xou )
/ ct“|logt| < +o0,
0

agot av a > B > —1, 161e t¥]logt| = o(t).
Y1y nepintwon tou dedtepou npocietéou €youue

F(t,q) = t79(t),

oo %—g(t, q) = t?logto(t). Ondre
OF , _
[5g B0l S el < o2,

6mov ¢ = sup |zl +4g(2)| o
x

—+o00
/ et 2dt < +o00.
1

[apatnpolye 61t ol 800 mpdTol Tpocietéot opllovton xat VoL OVOAUTIXES GU-
vaptrioelg o ohdxhneo 1o C. Yuvenog ot xdide $éon —m, m € N, n ouvdptnon
¢(m1(0)

(m—-1)! *
H suvdptnon ¢ — TI'(g+1) éyer enione anholc néhoug ota onueia —m, m € N

m—1

e avtioToly o OAOXANPGTIXE UTOAOLTA %, ([MLH], oe).413, 417). Emnhé-
ov, 1 ouvdptnom I' dev €yet pilec. Apa n cuvdptnon

L (5.9)
T Tt 1)

q+— (%, 0) éyer amhd mého ye OhoXANPLTING LTOOLTO
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e orofag N Tuh ot onuela —m, m € N, opiletan vaetvan o aprduée (—1)1pm=1(0),
elvon axépona.
Xpnowonoolye xat yio TV Tepintwon 6mou ¢ = —m, m € N, tov cupfolicud

{t1.¢)

Tlgr1) V' Ty ow'cio'cmxn/ T e ci(xépouozg ?uvo'(pmo*ng. ,
v 10 6Uvopo tou K eivan C°°, t67¢ 1) ouvdptnom Ae etvon C°° 610 dido trpo

(—to, o), 6mou ty = ’jfg—ﬁ? (H outtohdynom diveton 010 TéA0C NG mapary pdpou. )

Yto R\ [—to, to] 1 A¢ mpogavie pndeviletun. Emdéyoupe 0 < €1 < 2 <
xou o C°° ouvdptnomn 1 ue

Lt <
() = { 0. |t| > e
Opilouyue v e€fic dpdon twv xatavopwy t4, ¢ € C\ {-1,-2,...} exi 1nc
1451

+oo
(1. 40) = (A + [ 01AC0)(1 = wio) .

O opiopde éyer vonpa, agol 1 ouvdptnon Agp avixer oto S (eivar C° ue
ovunoyr popéa ) xar n A¢(l — ) eivou yetpoun pe oupmayr gopéa oo
(0, +00).
H ouvdptnon
qr— (14, Ag)

efvar avohutix) oto C\ {—1,-2,...}:
H avoduvtixdtnta tou dedtepou npocletéov npoxinTel Onwe otny mepintwon
Tou dedtepou mpooetéou e (t4, @) (xu ot exetvn v meplntwon dev elye
yenorpononiel N opahoTnTa TN P, TUEA LOVO TO OTL OL GUVARTHOELS TNG LOPPTIC
t2p(t)P eivon ppayuévec, mpdypa Tou toybet xau Ty tepintwon e Ag(1—1)).
O mpdtog npoovetéog elvan avaiutiny cuvdptnon ato C.
"Apa oe xde onuelo —m, m € N, n ouvdptnom ¢ — (t%, A¢) éyer amhd ného

(m—1) (m—1)
HE OAOXANPOTIXG UTOAOLTO (Agzél_l)! ©_ Afm_l)(!o . Yuvenoe opiletar xou
€00 1) oxépaial GLVAPTNOT)

(%, Ae)

—_—
1 L(g+1)’

n onoio 6ta onuela —m, m € N, nalpver avtiototya Ti¢ TIHES (—1)m_1Aém71)(()).
Ta g € C xau € € R™\ {0}, opiloupe

—q—1
t+

A9 (0) = <P7),A£>. (3.1.9)
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Avm e Nxu Reg<m, ¢q#0,1,2,...,m— 1, t61¢

q 1 ! —q—
ALO) = 5 [ (A0 = T () (1) s
1t 17 (Aq)P(0)
F(—q)/1 EE Al + I'(=q) kzzo kl(k —q)

1 oo
s [ e —vm)a s [ e - v)ar

Ko apoty (Agw)(k) (0) = A(k)(()) éneton OTL

¢
@y — _ L ! —g—
¢ (0)= F(—Q)/o L 1<A£(t)1/f<t) - Tm—1(z45)(t)>dt
L 5~ (490
Ty /1 VLR var 22 KI(k—q)
L R _ LS R _
+T(—q)/0 I A (8) (1 — (1)) dt + F(_q)/1 tTI A (8) (1 — (t)) dt
1 m—1
= i [T A~ A~ 1) = A )
i 0 gt 1 m—1 Aék) 0)
xat v m — 1 < Req < 'm, t61e
o0 m—1
&) = F(l_q) /O £ (Ag(t)— Ag (0) AL (0) - -~ (ﬂi — A )

o k 4 (k) (k) o0 (k)
/+ tqult AE (O)dt _ Ag (0) /+ pmatk=1gy — _ Ag (0)
) k! KoL

btav Re(k —¢q) < 0.

Me tov napamdve cupfoliopd v k = 0,1,2,. .. woylet
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Aol 1o K eivar cuppetpixd, 1 ouvdptnor t —— Ag(t) ebvar dptia xan yio
xdde dpTio m 1oy el

(m—2)/2

@y - L[ i)
AL (0)_F(_q)/0 e (A - Y il (O)dt,  (3.1.10)

J=0

oty m — 2 < Req < m.

Ou dhooupe peptxols axdua oplopovs oL onolot yapaxtneilouy TNy enlpd-
VELI EVOS XUPTOU COUATOC.

Eva xupté obdua K Myeta téEng CF, 1 < k < oo, av 10 6lvopd tou eiva
wo CF— urepemodveio atov R™, Snhadih cuprinte: Tomxd pe 10 Ypdonuo g
CF—ouvdptnone n — 1 petafintdy (and g o1, ... 2,). Agod ol aviioteéde-
pot yeauutxol yetaoynuatiopol etvar C°—odiagoploot, 1 OTATA auTh eivan
aveEdpTnTy and 10 EMAEYOUEVO GUC TN CUVTETAYUEVWV.

Av 1o K etva C™ oopa, & € R™\{0}, xau Ae(t) = [KN(E-+E)| 1), t €

R, t61e 0 A¢ ebvar C° oto ddotnua (to, —to), 6mou tg = h“fgﬁg)

M osrarypdgpnon tng anddelng tng wdTnTag autrg ivon 1 e€ng:

Xoplc Bhafn tne yevixdtntag unopolue vo unodéooupe 6Tt To § Bploxeta ndve
o€ évay and Toug xUploug dgoveg. Mropolue va ywploouue 1o K og tuiuata, 10
xadéva ano to omola teplopileton and éva Tiua EVOE UTERETLTESOL TaPdAANAOY
mpog éva and o xOplal unepenineda xat To yedgnuo wac C°° cuvdptnong. To
Ag(t) vroloyiletar wg to dlpoloua ToV GYxwy Tov avTIoToLoUV GE AUTd Ta
tufpata. O ywpetopds tou K unopel va yivel €101 OO TE 0L €T U€QOUS GYXOL Vi
eivar C° ouvapthoeic, ondte 1o o Va toylet yioo v Ag(t).

'Eotw M pi urepempdveia t6Enc C? otov R™. e xdde onpeio e M
opiCovtan ot m — 1 xbpiec xaynuroétnieg ki,...,k,—1 g M. To ywduevo
ki, kn—1 Myetan xopnuhétnta Gauss e M oto ev Moyw onpeio ,([Ko],
oel.214-215, [S], oeh. 105-106).

Av dolel wa napoapeteiy napdotaoy S, 1 xaunuidtnta Gauss ex@pdletar ou-
VIPTAOEL TWV UEPIXMOV TAHpay WY WY delTEPNS TdENE Ty ouvtetaypévoy, ([Kol,
3.37). Ewdixétepa, av K éva C?—odya, o Tapagetpind Tapdotaot] Tou ouvé-
pou tou K etvon

Sl LR w—s pr(u)u

Apo 1 xapnuidnta Gauss exppdleTol CUVHPTACEL TWV UERIXDY TURUY MY WY
0e0TEPNE TAENE TNC AXTIVIXAC CUVAPTNOTK.

YuuBorilovye pe F2 1o cOvoho TV ouppetpindy xuptdv C? copdtov
otov R" twv onolwy 10 alvopo €yel navtol detxr xopnuidtnta Gauss .

Anodetxviovtar ta e€rc:
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i. av K € F2 téte pi € C?(S™71), ([S], oer.111),

ii. To ovoro F2 eivau tuxvé oto K2, ([S], oeh 160).

3.1.3 Auwxoi Mwuxtol ‘Oyxou

O Lutwak, [L1] éptoe toug duixoic wxtolc dyxouc, ot onolot €youy avdhoyec
WDOTNTES UE TOUS IIATOVS OYXOUS, XAACIXT| EVVOLX TNE XUPTAS YEWUETPIAS TOU
elye ewooydel and tov Minkowski.

OpiCeton pe autédy OV TPOTO Wiol ATEIXOVIOT,

V K'xK'x...x K" — R.

n

Oplowdeg 3.1.1 Auikds puktds 6ykog tov Aq, ..., Ay, € K" elvar o apiijdg

V(A Ay) =+ /Sn_l par (1) pa (w)du

n

Oplopog 3.1.2

Ao Tov oplopd TV BUXOY JXTOY dYXKY TalpVouPE OTL

Ti(A, A) = (A, ..., A) = :L/Sl o (w)du = | Al (3.1.12)
pided)
Vi(A, B) = :L/S_ )l (w)du, i = 1,2, on (3.1.13)
IAIOTHTES
iV ouvey e

i, V(Ar,...,4,) >0

1ii. V()\lAl,,AnAn):)\l)\nf/(Al,,An), N>0,1=1,...,n

iv. Av yia xéde i A; C By, t61e V(A1 ..., Ay) < V(Bi,...By) We 1obTnTa
avv A; = Bj, v xdde i.
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v. V(A,...,A) = Al

([L1] oeh. 532). O1 magamdve BLbTnTES ExTéC 0mb ThY Guvéyeia e V oy houy
XU 6TV TEPIMTWOT oy Tar owuata eivon oo Tepduoppa xot eueic Yo Tétoto Yo
TIC YENolpoToooulE tapaxdtw. Ot anodelieic tTwyv i, i, iii xat v elvon dueoeg
amO TOV OpIoUd TWV BUXGY WxTOV dyxwv. H Wbty tng ouvéyelog Tou v
Yio xVpTd amodelxviETU WS €ENG:
AvK, KeK" K,— Kxu0ecK°,
161€ pK, (u) — pr(u) v xdde u € S"! xu ot pg, eivor opobpoppa
POAYHEVES.
H olyxhion tov pg, TpoxinTe and Tic Topaxdtew TapatneoElc.

1)Av K,, — K xu x € K° t6te x € K,, 1ehxd.
A6, av v xdde n éyovpe ot & ¢ Ky, téte undpyet unepeninedo H pe
reH, HNK, =0.
‘Ectww e >0 pe B(z,¢e) C K.
Tére, av y povaduwio xdeto didvuopa otov H, woyber x +ey ¢ K, o —cy ¢
K. Apo d(K,,K) > ¢.

2.)Eotw pr(u) = A Téte, av € > 0 wylet 61 (A —e)u € K°, dpu
(A—e)u € K, tehxd, ondte pk, (u) > A—e tehixd. Yuvenoe liminf pg, (u) >
A.

3.)Eocto 4t limsup pk,, (u) > A+ 6, 6 > 0.
Tére, yia dnetpa n, toyvet 61 (A+0)u € K,,. Ondte nafpvoupe 61t (A-0)u € K,
10 omofo elvat droto.

O YENOWOTOIOUUE XAl TOV TAUPAXATE SURBONGOUS Yiot ToUG Buxolg UxTolS
GYXOUC AOTEPOUOPPOY COUITWY.
Optloupe hotndy

V(A,i:B,j;C):=V(A,...,A,B,....B,C,...,C)
——— —— ——

i j n—i—j

%Al o ELOLd

‘7(A77’707]-7BTL) = V(AJ 7A7caBTL7"' 7Bn)
——— —_————
i n—i—1
‘Eyovtag oplogl toug duixole uixtolg dyxoug Va oplooupe xou 10 coU
TOUWY TEENG 4.
Eotw L € Sb (ondte pr, € C(S™71) ), i € N. Tére, obdpa topdy 16Eng i Tou
L ovopdlouye 1o O-oupuetpind aotepduoppo oopo I; L, yio 1o onolo oy bel

1
n—1

pr,n(u) = / Pl (v)dv = Wn_l_i(L Nut), ue S" L (3.1.14)
Sn—1nyt
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Ao v ouvéyelr g pr %ot v ouundyela e S"T npoxdntel n ouvéyeta
™S P11, M onola enfong elvon Yetint|, apov To Bto Loy el xaL Yia TNV pr..

Ot noobinree Wi(L), 1 =0,1,2,...,n clvon Ta duixd Quermassintegrals
TOU Ao TEPOUOPYOL ohpatoc L, to onola oplotnxay arno tov Lutwak, [L2] xa
elvar ot amexovioeic WZ : b — R", vy Ti¢ onoleg oy et

— - 1 A
Wai(L) := Vai(L, By) = /SM P (u)du. (3.1.15)

A7o Tov oplopd TpoPAVOS TPOXVTTEL OTL Wo(L) = | L] () wan Wy (L) = | Byl
‘Eyouye Aoindy 611 10 owua ToU®Y evog obpatog L eivar 10 6dUo ToUuMY
taéng n — 1, dnhody,
IL =1, 1L. (3.1.16)

YupPohiilouue pe Gp i, 1 < k < n, tyv tolanhétnta Grassmann, 7 onofa
opiletan w¢ 1 TOAATAGTNTA ToY TEPIEYEL GAOUG TOUS k-BIdC TATOUS UTOYDEOUS
tou R" pe petpr) v andotacy Hausdorff avdpeoa otig yovadialeg purdheg
WV BUO UTOYOP®Y,

p(s,t) = sup d(m,S”_l N s),
zeSn—Int

omou d eivar 1) Euxdeldeia andotaon onueiov and advolo.

'Eotw (M, p) évag ougnayhc peteixds yopoc xat G opdda, ta ototyeio e
omnolag 8pouv w¢ LoopeTplec Tavew and tov M.
O M ovopdletar opoyevic yopog M tng ouddag G av 1 dpdon tne G mdve
otov M ebvanr petafatier, dnhadh av yia xade s,t € M vndpyet g € G T.0.
gt = s.
Toéte and 10 Oewpnua Tropéne povadixol xavovixonomuévou Borel yétpou v,
avahholwTou w¢ Tpog TV dpdon e ouddag Tévw otov ywpo (uétpo Haar),
nafpvoupe Ott Yo doouévo k ye 1 <k < n oydet

/Sn1 de:/Gn,k /Snlmgf(t)d’/é(t)dl/k(f)7 (3.1.17)

yio x&de f € C(S™71), bnou ve ebvan to xavovixorotnuévo pétpo Haar néve
ot (k — 1)-didotarn ogaipa S" 1 NE, v 010 aplotepd pépoc tne todTnTac TO
xavovixonomuévo uétpo Haar otny S™7 1 xou g 0 xavovixonomuévo pétpo
Haar névew oty ntohhamhétnta Gy i, ([M.S.], oeh.4). Q¢ opdda G ed6 Yew-
EOUUE TNV OUdda TwV 0pUOYWVIWY PETACYNUATIONGY oTtov R™ yia ta v xou v
xou oTov € yia tov £.
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7’ 7 ’ : 7. 7. 4

Eyovtac opioet ta duixd Quermassintegrals propotpe vo So0UE nwe cuvdé-
ovtat ot GYxot TV i-B1do TaTwY TouwY evdc owpatoc K ye 1o (n—1i)-ooto duixd
Quermassintegral tou. Ilio ouyxexpipéva woybe 61, ( [L2], 2.12)

Wl 8) = 52 [ K 0lan(o). (3.118)

2

3.1.4 Mepixéc YpNOLLES OYECELS
And v Biétnta (iv) naipvoupe 6t av A C B téte
Vi(C, A) < V4(C, B), (3.1.19)

via xdde A, B,C € Sb.
Loybel eniong 61t yuo K, L € Sb

Vi(L,IK) = Vi(K,IL), (3.1.20)

apol amo TOV OploWO TOu opatplxol Yetaoynuationol Radon xau tig oyéoeig
(3.1.6) xou (3.1.13), naipvoupe

- 1 o
LTK) = 1 [ o o)

:1/5n1p2‘1(u)R( ) ()

n n—1

= | R )

n

_ 1/ (n — D)prp(u)——p (u)du = V2 (K, IL).
Sn—l

n n—1
Ao ToV 0ploUd TV DUV IIXTOY OYXMY, EYOUUE axoud OTL
VI(K,K) = | K| (3.1.21)
‘ANhn wo oygon mov Vo YENOLLOTOCOVIE TAPAXATE EVOL 1|

IiK - IZ'L < PLLK < PI,L (3.1.22)

7 omnoio eivon e1dixy| tepintwon g oyéone (3.1.5).
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M enforne yefown oyéon eivon xau 1 dux) aviobétnta tou Minkowski [L1],
oel.535)
ViI(K, L) < |K[(3 Ly K, L€ Sb (3.1.23)

xoddS xa 1
V(K,i; L, j;:C) < V(K,i+j;C)'V(L,i+5;C) K,L C e Sb. (3.1.24)

L] - (23]
Or napandve oyéocig, 6nng Tig 6ploe o Lutwak, avagépovtar oe xuptd oouato.
Ouotao Tid duws yia Ti¢ anodellelc Toug YpnotdonotolvTal LoVo oL BLOTNTES OTL
ToL oOUaTa Eyouv YeTixég xan SUVEYEIC axTvixég ouvapThoele. LNy gpyaoia
QUTY| YPTOULOTIOIOVUE TIC OYECELS QUTES YL OO TEPOUOPHYA COUATA, T OTOLd
€Y OUV TIC TOEATAVE LOIOTNTES.
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3.2 To Ilpddto Kipgio Oerpnua

Adupa 3.2.1 Av K € Sb, tite

prix(u) = — (Rplk) (u).

Anddedn
Arno tov oploud tou ogapoy yetaoynuatiopol Radon xo Yewpodvtag otig
oaipec wn xavovixoromnpéva epfadd, €youpe

(R = [ plclwyin

Eoapuéloviac thv oyéon (3.1.17) otov yopo ut 10 ohoxhfpwpa yivetu

(n—Dw, 1 / / (t)dpe(t)dvi(§)

n 1 ’L Sn 1muJ_m£
Ané v (3.1.6) 10 nopandve ohoxhfpwua tooltar ue

(n—1)wp—1
Wi

/ |K Nut N &l Gydvi€
G(n—1,)

evd and tic oyéoeig (3.1.14) xou (3.1.18) naipvouye 6Tt 1 napandve nocdTnTo
elvon {om pe -
(n = DWyo1-5(K Nub) = (n = 1)pr(u).

IMpétaom 3.2.1 Eotw K odua topdr €v6s aotepdpoppov aopatos, L aote-
POUOPPO Twua €Tot HoTe

KN UL‘(nfl) <|LN UL‘(nfl)

yia kéte u € S"1. Tére
1K () < | L)

Anddedn
To K eivou oGpa TopdY eVOE A0 TEROULORPOU COPITOS, OTOTE TO (BLo elvon Ao Te-
popopwo aopa. Eotw u € S"1. And tov opiopd 10V cwpdtey Topdy 1oy el
ot
prx(u) = K Nut| o1y, pro(u) = [L 0wt
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Onéte prx < prr, 6mov IK 10 oopo topady tou K xat 1L 10 ooua Touoy Tou
L. Ta IK,IL eivar aotepbuoppa owpata ondte ano tny oyéon (3.1.5) éyouue

IKCIL (¥

To K eivor o@ua Top®dVv £vO¢ A0 TEPOUORPOU COPATOS, ONAadY UTdpYEL Eva
Ky € Sb tétoio wote K = IKy. Ano 10V 0piod oV Sutx®V xXTOv 6YXmY
gyouvue 6Tt av M, N € Sb t6te

M C N = Vi(Ko, M) < Vi(Kqo, N),

v xdde Ko € Sb (oyéon (3.1.19) ). Ondte and tic oyéoec (), (3.1.20),
(3.1.21) xou v BréTNTa TOU avapépinxe TUPUTEVW, TalpVoUPE 6Tt

Vi(Ko, IK) < Vi(Ko,IL)

oot N _
Vi(K,IKy) < Vi(L,IKy)

XL CUVETOC B _
Egappélovtag twpa v duixh aviedtnta tou Minkowski, (oyéon (3.1.23) ),
€)(OLUE,
n—1/n 1/n
]y < 1[0 ™ LI

xau dpat
1/n 1/n
Ky < 1Ll

Afppa 3.2.2 Foww K, L aotepduoppa oopata. Av
LK C LL

téte ya kde N € 1 wyvea

V(K,i;N,1; B,) < V(L,i; N, 1; By).

ATnodedn
To N eivar odua Topdy onéte 1 duixd yevwhtela xatavous, Touv R 1py eiva
Wéteo, €0Tw fin. Ao TOV 0ploUd TV BUIXGY WXTOY OYXWY, TOU oQuELX00
uetaoynuatiopoy Radon xat tng oyéone (3.1.2), yenowonoidviac 61t 1 phe
ebvau ouveyfic oty S™1 xan 6t R py efvan xatavops, éyoupe

nV(K,i;N,1; B,) —nV(L,i; N,1; By,)
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=/ p%(ﬂ)pN(U)du—/ pr(w)pn(u)du = (pi, pn) — (Pl pv)
Sn—l Sn—l

= (Rpjc, R pn) — (Rplp, R™'pw) -
Aro to Mppa 3.2.1, xatahfiyouye oty

nV(K,i;N,1; B,) —nV(L,i; N, 1; By)

= =) [ (pne) = prs ) din().

Ondte 10 ohoxhfpwpa Vo elvar apynTind av pr,x < pr,1, T0 onolo €& oplouol
Tou oyvet av xat uévo av ;K C I;L (oyéon (3.1.22) ).

Afppa 3.2.3 Eotw N éva rukvé vrootvolo tou Co(S™1). Tére éva 0-
OUHUETPIKG aoTepipopgo oopa K elvar ooua topuwy av kar pévo av

/ px (u)g(u)du > 0,
Sn—1
yia kdde g € N e Rg > 0.

Arnddedn

'Eotw N muxvé urosivoro tou Ce(S™1). Ou deifoupe 61t 10 olhvoro {g €
N : Rg > 0} eivor muxvé 010 {g € C(S™1) : Rg > 0}. Apxel va delfoupe
6t 0 {g € N : Rg > 0} eivar muxvd 610 {g € Ce(S™ 1) : Rg > 0}, agol
R(g+a)=Rg+a(n—1)w,_;.

Maipvoupe hotndv g € {g € Co(S"1) : Rg > 0}.

Agot o N eivar muxvéd oto Ce(S™1) Yo undpyer axohovdia (gm)men 070
N pe gm — g € Ce(S™1). Oéhoupe yia yeydha m, va woylet Rgm > 0.
Trodétoupe 6Tt autd dev oydel. Tote Yo umdpyer wo axohouldio otoyelwy
oty ogaipd (Tk)ken W Tx — o € S xa urowxohoudia (gm,) TS (gm)
e Rgm, (zx) < 0. Agot Rg € Ce(S™ 1) xaw Ry, — Rg opotdpopoa, (apol
Gm, — 9 € Ce(S™ 1) oporduopga ), Yo éyoupe

0 < Rg(x) < Rg(x)—Rgm, () = Rg(x)—Rg(zk)+Rg(xk)—Rgm, (x) — 0

10 onofo efvar drono. Apa 1o {g € N : Rg > 0} ebvaw ntuxvéd oto {g €
Ce(S"1) : Rg > 0}.

Ané v oyéon (3.1.8) éyouue bt éva 0-ouppetpind aotepbpoppo ooua K
efvor ohua Touey av xan wévo av [en_1 pr(w)g(u)du > 0 yo g € C(S" 1)
ue Rg > 0. Opwc 1o C(S™1) evor muxvéd 610 Ce(S™71).
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Yovenoe, 1 ouvifxn tou epaviletar otny (3.1.8) eivar 16080voun ye v cuv-
U mou epgavileton oto Afuua 3.2.3, agod xat oL 800 Elvol LGOBUVIPES UE TO
61t [gnor prc(u)g(u)du > 0, yia xdide g € Ce(S™ 1) ue Rg > 0.

IIpbtaon 3.2.2 Forw K 0-cuvpupetpiké aotepouoppo ooua. Av to K efvar
odua toudy kar L, M ovupetpixd aotepdpoppa odpata L, M, wytea

LLC LM = V(L,i;K,1;B,) < V(M,i; K,1; By) (%)

Avtiotpoga, éotw M éva kuptd odpa oto F2 (otvolo twv kuptdy C? owpdtwr
pe detikrj kaunuddenra Gauss). Tdre, av wyve n (x) ya kdde L nov avijker
o€ kdmolo TUKkVO Kvo Tov ouvidov K twy kupty ovppeTpikdy owudtwy, To
K etvar oddpa topdy.

ATnodedn
To eud) g npdtaong mpoxintel dueca and to Afpua 3.2.2.
[ to avtiotpowo thpe, Yewpolyue xuptéd odua M € F2 xon pia dpTia ouVEp-
tnom q € C%(S™71). Téte n axtvind cuvdptnon pa tov M eivor enfone dptial
xou avixer oto C2(S"1) (brwc eldape xo oo téhog tne napaypdoou 3.1.2),
onéte 1o (B0 toyver yia x&e ouvdptnom par(u) — tg(u), t > 0. Kou yia pxpd
t, 9ol par > 0 xan 10 S™1 efvan ouunayée, woyler 6T

par(u) —tq(u) >0, wes"
[a xdde t > 0 mou ixavonolel auty T oyéor, Yewpolye To alvolo
My={ru: ue S0 <r < par(u) — tq(u)} .

Ocwpolue ocopa My, ue xevipo 1o 0 xon axtivixt) cuvdptnon py — tq. Exiong
Yewpolpe T xhewotée emigdveiec YM; mou divovial and TIg AmELXOVIGELS TN
S"1 g1ov R,

ur— pu(uw)u — tq(u)u.

Opiletan €101 Uiot OIXOYEVELN UIXPWY TUPALORPOOEWY Tou YM.

H xapnuidtnia Gauss tng YM; exgpdleton GUVIRTACEL TWV TAURAY DYV
dettepne t8Ene tne ouvdptnone par(w)u — tg(u)u (BA. téhog Tng TapayEAPOL
3.1.2 ). Agol n xaunuhétnta Gauss e par ebvon mavtol Yetixd, éneton Ot
yioo wxpd t 1 emupdvero VM éyet enfong Vet xaunuidtnta, dpo to My avhxet
oto F2.

Ot ouvapthoeic q, par avipxouy oto C2(S™"1), 10 onolo eiver tuxvé ato Ce (S™71)
xol

phr — (par =)' = phyr— phr (L —tapy )" = phr — phy (L—itapy; + O£ py}))
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=itgply;t + O(t?) € C2(S™ ).
OewpolyE TPA T GUVONO
N ={cphy—pp:c>0, LeK!}

Aréb v nopandve oyéan éyoupe 6t 1o N eivan muxvéd oo A

{qpﬂ1 iq € CE(S”fl)}, apol Yo Tuyolou q € C2(S™ 1) 7 qpﬁ\jll TPOGEY-
Yiletw amd v Eph, — Lol émou L 10 odpa pe axtvied ouvdptnon thy
pr — tq xow Lph = (p(it)—l/iL)Z- Oéhovpe va detfouype 6t to N ebvon Tuxvéd
010 Ce(S™71). ‘

Botw g € Ce(S™1). H ouvdptnon py,* eivan yviowa detuxd), ouveyrc xou dotia,
onéte -1 € Ce(S™ 1), Ko apot 10 C2(S™ 1) ebvon muxvé 610 Ce(S™ 1) uno-

M
polpe va Peolpe ouvapthoeic ¢ € C2(S™ 1) mou va npooeyyilouy Ty p’%’
M

onéte pnopolye va Ppolpe ouvapTthaeic gph, ot onolec Yo mpooeyyilouy ™V
g € Co(S™ 1),
Apa o {gph,t 1 q € C2(S™ 1)} eivor muxvd 610 Ce(S™ 1) o ouvende 10 N
etvar Tuavé oo Ce(S™71).

Eotw g € N. H g éyet tn wopot g = cply, — pl i xdnowo L € K. Tére
ané to Mupa 3.2.1 éyouue 6Tt

¢ 'Ry = (n =) (pr.mr = prye-1sipy)  (%%)

ot

ol /S”l pr(w)g(u)du = /Snl pic () (g — <) (w)du

— [ oxtpydu— [ (s (w)du
Sn—l

Sn—1
And Tov 0plopd TV BUXDY IXTOY OYXY THEYOUUE TEAXS OTL
¢! ~ ~ ;
n Sn—1
Botw étt Rg > 0. And my (x+) éneton éu I;(c"Y/'L) C I M.
‘Eotw C 0 nuxvdg x@vog mou avagépetal oTny unodeo).
Oewpolye axohovdia cwudtwv (L,) € C L, — L g mpog tny Uetpixt
Hausdorff. Téte, undpyouv a, > 0 étot Bote

anly, — L, n — o0
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e
anL, C L,

yia x&de n. Ondte naipvoupe 6Tt Ii(cfl/"anLn) C ;M.
‘Etol and v undleon €youpe 6Tt

V(e Y'anLy,i; K,1; Bp) < V(M,i; K, 1; By),
XU ANOY® TNG OUVEYELNS TWV DUIXMY UXTGBY OYXWY
‘N/(c_l/ianLn, i, K,1;B,) — v(c_l/iL, i; K,1; By).

Onérte _ A =
V(e 1L,is K, 13 By) < V(M, i K, 1; By).

And v (x * %) nodpvouye tétE 6Tt

/ prc () g (u)du > 0,
Snfl

v x8de g € N pe Rg > 0. Kt étot 10 Mppa 3.2.3 poc diver 61 1o K ebvan
OWUO TOUMY.

Mpétacy 3.2.3 Forw K kupté odua, ovo F2, to onoio dev efvar odua
e z 7 z e n /. V4 z e ’ 7/
toudy. Téte kdlle nukvds kdvog oto K nepiéyer éva kupto odpa L étor dote

LL C LK,

aAAd

Wy—1-i(K) < anlfi([/)'

Anodeln
Ané v mpdtaoy 3.2.2, av ndpovpe K = M, agol 1o K dev elvon abuo Touoy,
oe xqie tuxvo xwvo tou K7 Yo undpyet éva ooy L tétoo wote I;L C L; K,
aAAG N
V(L,i; K, 1;By) > V(K,i+1; Bp) = Wo1 4(K) (%)

Anéb v oyéon (3.1.24) naipvoupe
V(L,i; K, 1;B))™ ! < V(Lyi+15B,)'V(K, i+ 1;By)

= nflfi(L)ianlfi(K)
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xot Aoy e (%) €youpe

W13 (K)™ < W1 —5(L) Wyo1-4(K)

Wh—1-i(K) < WN/n—l—z’(L)-

Mépiopa 3.2.1 Eotw K kuptd odua, oo F2, to omolo dev efvar adpa

7’ 7z z 7 / n 7 / V4 ’
touwy. Téte o€ kdle tukvd kdvo touv K vrdpyer oopa L, éror dote
ILCIK

aAAd
K| () < [L|(n)-

Anddedn
Av oty npdtaor, 3.2.3 ndpovye ¢ = n — 1 161€ and TOV OPIGUS TWV BUIXWY
Quermassintegrals woylet ot WU(K) = |K|m) xu I, 1 K = IK. Yuvendg
TO omoTéAeopa elval dUECO.

Ocvpnua 3.2.1 To npéfAnua twv Busemann-Petty éyea xatapatikn and-
vnon otov R™ av ka1 pdévo av kdle xkupté odua, pe kévepo to 0, eivar odua
TOUOY.

Amnddedn
Ané v mpdtaon 3.2.1 €youpe OTL xavr) cUVUAXY YId VoL £YOUPE XATAUPATIXN
andvnom etvat, xdde xupTod 0-cupueTEXd COU Vo EiVaL COUA TOUOY.

O del€oupe Tpa 6Tt 1) HTTUEEN CWUATWY TOU BEV Eival COPATA TOYOY DiVEL
apvnuixt| andvtnon. Trolétouue 6T éyoupe éva 0-ocupuetend xuptd owua K
10 onolo dev eivon owua Touwy. Tdte and v npdtaon 3.2.2 ye @ =n — 1 xau
M = B, (rpooavie By, € F2) undpyet xupté obpa L této1o Gote Vo 1oy houy
TAUTOY POV Ot

IL C IB,Vi(L,K) > Vi(Bn,K) ()

To xUpTd CLPIPETEIXE COUATA TOU TEOEPYOVTOL and UXpES UETUBOAES (¢ TPOC
v petpixry Hausdorff) tou K eZaxohoudolyv va ixavonowody v avictnta
(AOY® TNC CUVEYELNS TV SUIXMY WXTMV GYXWY Y10 XUPTE OMUATA). LUVETMS

méh amd Ty mpdTaoch 3.2.2, autd dev eivar odpata Topdy. Ko agol 1o F2
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’. 7 n ’ / ’ ’, 2 ’
ebvon Tuxvo oto K pmopolue va Spolue xuptd owuata 6to F7, to onolo dev

elvon owuata Topdy. Mropolue dniady| va uvrodécoupe 6Tt 10 K aviixel 610

F? onéte, and 1o néplope 3.2.1, Yo undpyet xuptéd cbpa L 1.0.

IL CIK

IV
| K| (n) < |L(n)-

Auté Biver apynter| andvtnoy oto tpéBinua Ty Busemann-Petty.

3.3 To Aeltepo Kipio Oewpnua

Avppa 3.3.1 FEorw p tempered pétpo aror R™, to ornolo eivar emmAéor dpnia
opoyevng katavourj tdééns —n + 1.Téte vndpyer éva nenepaopévo Borel pétpo
po oty S"L wérowo dote

o) = [ olerdnte) = [ [ oteo)adua(o),

yia kdle ¢ € S.

Anodedn
Kot apyfiv o detZoupe 6t to p({0}) = 0.
To p unogel va ypaptel wg 1 = p1 + ad, 6nou py uétpo, pe 1 ({0}) = 0 xa 0
10 pétpo Dirac pe pdla oto 0.
To p elvan opoyevég td&ng —n + 1 ondte yio xdde un apvrtiey test function
¢ pe ¢(0) > 0 xou yra xdde t > 0, woyder b1t

(1, @ /1)) =t {1, 9)

Apa
E(p,6) — 0, (3.3.1)

xadde t — 0.
A6 v dAAn

(b, (/1)) = (1 + ad, g(x/t)) = (1, (/1)) + ad(0). (3.3.2)

Agol ¢ € S, oy le lir(l)rh o(z/t) = 0.
t—
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Enmiéov, av a > 0 tétoo wote
/ (14 [Jzll2) “du < oo
Rn

61 |p()| < e(L+ ||2[2) " 1o xémoto ¢ > 0, dpa

oG/ < o1+ 1212) 70 < o1 4 o)™,

av t < 1. Yuvenog and 1o Oewpnua Kuptapynuévne Loyxhong énetar ot

{u1, d(x/t)) — 0

onéte and i oyéoewg (3.3.1),(3.3.2) naipvoupe 6t a = 0.
T xdde Borel otvoro A C S™ 1 xan Sidotnpa (a,b] C [0, 00) opilouue o
oOVOLO

Ax(a,b:={zeR":x=10, t € (a,b], 0 € A}.

'Eotw ¢ un apvnuxd, C™° ouvdptnon pe [ ¢ = 1 xou suppp C B,. Xprot-
pomoiwvtag TNy uévodo tpocéyyiong 61N wovdda, opiloupe

1z
Pe() = 57¢(g)-
Téte 1 ¢e ebvar € C™ ouvdptnom pe [ ¢ = 1, suppg: C By(g), 6nou By ()
1 avoly T undha ye xévtpo to 0 xou axtiva € > 0.

Tére, XAx[0,1] * b €S xau

XAx[0,1] ¥ Pe — XAx[0,1] O-T-

xadog e — 01, ([W.Z.], 0ed.123).
Ko, enetdn to p elvon opoyevég tadng —n + 1

(s (eaxou * 02) (x/k)) = / (taxtou] * &) (@/K)du(x)

— & [ (aston * 0x(e)dita) = (p, (tanion +62)) (333)

'Ectw F:(y) = (XAx[o,l] * ¢:)(y), 0 <e < 1. O F. elvau gparypévec amd pio
p—ohoxhnpwotun cuvdptnor. pdypatt yia xdde y oy et

F.(y) = (xaxpa * @) (y) = /Rn Xax[0,1](2)9e(y — 2)dz.
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H ohoxhnpolyevy ouvdptnor dev undeviletoa pévo av z € A x [0,1],y — z €
By (e) onéte y € (A% [0,1]) + Bp(e) € A x [0,1] + B, = D. 'Apa

[Fel < [[Felloo - xD

Emniéoy,

|Fe(y)| = ‘/Rn Xax[o,1 (Y — U)Cf)e(U)du’

1 u
< /n(a) ¢e(u)du = /Bn(e) €7¢(g)du = /Bn(e) d(u)du =1

Apa |Fz| < xp, v xdde 0 < € < 1. Onéte egappdloviac 10 Oebprpa
Kuptapynuévne Luyxhiong, naipvouue

(s (Xaxpo) * ¢e) (@/k)) — (, (Xax(o,)) (@/k))

Xl
k(p, (Xaxo,1) * @) — k (1, (Xaxjo.1]))

xadde e — 07,
Onéte and v (3.3.3) xou Tic napandve oyéocic npoxintel 6Tt

(s Xaxqo,)(x/k)) = K {p, X axjo,1) = k(A x [0,1]).
Ioyver howmdv 6t yia x&de Borel A € S" 1 xon k > 0,
/'L(A X [07 k]) - <M7XA><[0,1}(x/k)> = kM<A X [07 1])7 (334)

9ol X ax(o.k](Z) = Xax(o)(z/k).
Etot, yio x80e Borel A C S™! xon yia xdide a,b pe 0 < a < b, nafpvoupe 61t

1A x (a,5]) = (A x 0,8]) — (A x [0,a])
= bp(A % [0,1]) — ap(A x [0,1]) = (b —a)u(A x [0,1])
OpiZoupe thpa pétpo méve oty S, o, pe
po(A) = (A x [0, 1)),

yia xéde Borel, A C S L,
Ko té1e

/Snl/RXAX(a’b](ta)dtd'uO(e) :/Sn1/RXA(9)X(Q’b](t)dtduo(9):
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/  xa(0)(b — a)dpo(8) = (b — a)uo(A)

= u(A x (a,b]) :/ (XAx(ayp)) dpt-

n

Yuvenwe 1) {ntoluevn todtnta toy Vel Yiol CUVIPTACELS TNS HOPQTC
XA X (aa b]

[ v amoderydel v ¢ € S, apxel va amoderyVel Yo tic cuvapthoec ¢, ¢ .
Kéve plo dpwe and autég eivar dplo wag aviovoag axohoudiog cuvapthoe-
v P, > 0, ot onoleg elvan Ypouutxol cuVBIAOUOL CUVAPTAGEWY TG TUPATAVE
pop@ic. Apa 1 1odTnTa Loy el YId TG Yy, ONOTE X0 YL TNV .

Ocvpnpa 3.3.1 Eva aotepduoppo ooiua K elvar odua topdy av kair povo
av 1 ||z||" etvar Detind opropévn kazavour.

Anddedn

AvopeSxube St 16t

1 VA
/R SOt = o5 /R ()" (t0)dt.

Ané v oyéor (3.1.4), ye z = 0 xou xdvovtag ahhayy| petaintic @ = t&,

nadpvoupe
1 .
t0)dt = ——— d
ot = g |, by
S / /oot"%(tg)dtdg (3.3.5)
TR Jgng | >
0

Trodétoupe 61t 10 K ebvan odua topcdy. Eotw p éva pétpo néve otny 71
o Gote Ru = [|0] " T xdde pn apvnmoch test function ¢, agot 1

)" evan tomixd ohoxhnpdowun ouvdptnom, and Ty oyéon (3.3.5) éyouue
Welly0) = (el ) = [ ol o

Me odhayt petafhnthic @ = 0 xor agol 1 ||z]| ebvor opoyevie téEne -1
nadpvoupe Ot

<(Hx\|}1)A,¢>=/SM /Ooot“é(ta)||wy;(1dtde
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/ / ~24(10) \0||K1dtd9_/ Heu;(l/ "25(t0)dtdo
Sn—1 Sn—1 0
<|9\|K / "2 (t0) dt> <Ru,/ t”2<;3(t0)dt>
0
< (/ ¢(t0) dt)> <u/ (/ t"%(tg)dt)d§>
Sr=1ng+ Jo
= @ (. [ otaorir) .
R
H tehevtaio wobdtnta npoxinter and v oyéon (3.3.5). Ko agolb n ¢ eivan
onoldfnote un apvntixd test function, rnaipvoupe 6t n ||z||; etvor Vetind

OPIGUEVT) XaTOVOUY.

Avtiotpoga, unodétoupe 61t ||z ' eivan wa Detind oplopévn xatavour.
Téte -6mwg eldope xar o1 mapdypapo 3.1.1- o yetaoynuatiopuds Fourier tng
elvon €va tempered pétpo p otov R™. Eav yetaoynpationds Fourier plag o-
poyevolg xatavopnc téEng -1, 1o uétpo autd eivon ogoyevic xatavou TaEng
—n + 1, n onola elvar eminAgov dptior eneldr| to K elvar oupuetpixd.

Ané to Mppa 3.3.1, undpyet éva tenepaocpévo Borel pétpo pp oty S tétowo
wote Yt xde p € S

.0 = [ o@ant@) = [ [ oo)ardua(0)

A7 1o Mypa 3.3.1 xar Ty