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Abstract

We briefly review the derivation of a system of N correlated Brow-
nian motions as a kinematic mesoscopic limit for a system of nonlinear
deterministic oscillators consisting of N large (solute) particles and in-
finitely many small (solvent) particles by Kotelenez. We then sketch the
qualitative analysis of correlated Brownian motions and the depletion ef-
fect in colloids by Kotelenez, Leitman and Mann. For space dimension
d > 2 they showed that two correlated Brownian particles, when suffi-
ciently close, have an initial tendency to attract each other further. For
large times (and for large separations) they perform independent Brow-
nian motions. The key to their short time result is a generalization to
d > 2 dimensions of the one-dimensional probability flux, as defined by
van Kampen. We conclude with a discussion of three unresolved problems.

1 Introduction

This paper is based on our recent work involving a stochastic process that pro-
vides a fundamental understanding of the depletion effect in colloids. (For a
review of the experiments relevant for observing the depletion effect and corre-
lations, see Kotelenez, Leitman and Mann [I].) Our theory evolved from certain
results of Kotelenez [2] for stochastic limits of systems of interacting particles
and explicated in his recent book. (See Kotelenez [3].) Complete details and
proofs of the results and assertions we present here can be found in the works
just cited. In this paper we describe the depletion effect, present our model,
and explore some of its consequences. Our work leads naturally to the three
unresolved questions set out in Section 4
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2 Interacting Particles — Depletion Effect

Consider a mixture of small, spherical particles of diameter as and large, spher-
ical particles of diameter a; so that a; < a;. Assume that the number densities
(number of particles/volume) obey, x; < xzs; the reference state is the very
dilute solution with respect to the large particles. In this state, the probable
separation between any two large particles is at least 10as, as estimated from
the average volume per large particle (1/x;). This separation is sufficient to
ensure that the distribution of small particles around the each large particle is
uniform with spherical symmetry. This configuration is shown in Figure (I, A).

Under the assumption of sufficient separation, Einstein [4] and von Smolu-
chowski [5] derived a model of independent Brownian motions for the displace-
ment of the large particles.

Figure 1:

A. Two large particles are separated sufficiently so that the packing around each
particle is isotropic on average. The motions of the two particles are described
by two, independent Brownian motions.

B. If the two large particles are closer than about 2a, the distribution of small
particles is depleted in the region between them. The motions of the two parti-
cles can no longer be described by two, independent Brownian motions.

Let us first comment on the classical Einstein-Smoluchowski theory, restricting
ourselves for simplicity to two independent identically distributed Brownian
motions whose positions in d—dimensional space at time t are the vectors r!(t)
and r2(t). Let the 2d—dimensional vector

. ri(t)
7(t) := L"Q(t) (2.1)
denote the position of the pair at time ¢. Under the assumption of independence,

the transition probability density of this pair process, denoted by p(t, q, ) is
the (weak) solution of the Fokker-Planck (or Kolmogorov forward) equation®

o 1 2 d
ap(t7q7r):§ ﬁz Z

a,f=1k,l=1

82
DXL (#)p(t, g, 7)), 2.2
rred CAAULCLL) NS

together with the initial condition
p(0,q,7) = 64(7). (2.3)

1For a 2d—dimensional Borel set B, the transition probability, p, is given through its
density, p, by P(t,q, B) = [5b(t, q,7) dir.
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The (2d x 2d) pair diffusion matriz, D(#), is associated with the pair of
Brownian motions through the Fokker-Planck equation (2.2); it has the (2d x 2d)
block structure:?

. D' (#) D12(f~)] _ {m 0 }
where D > 0 is the (scalar) diffusion coefficient. For this case, the explicit
solution to Equations (2.2, 2.3) is just the normal density in R?¢:

1 1 2, ~12
pt,q,7) = W@‘fml’”—ql : (2.5)

The independence of the Brownian motions is consistent with Figure (I, A).
However, if the two particles move closer together, the configuration space of
the small particles changes if the separation becomes less than about 2ag, as
represented in Figure (I, B). The reduction of small particle density in the
space between large particles that are sufficiently close is referred to as deple-
tion. Thus, if the large particles are sufficiently close together, the anisotropic
collisions of the many small particles with them cause their motions to become
statistically correlated. The Einstein-Smoluchowski model fails to account for
the resulting depletion effect and must be replaced by a model incorporating
appropriately spatially correlated Brownian motions. The length scale at which
the correlations become effective is called the correlation length and denoted
by /€.

Experiments early in the last century showed that colloidal systems com-
posed of dispersions of particles and macromolecules show interesting floccula-
tion or agglomeration phenomena, which were not understood until the paper
of Asakura and Oosawa [6]. They describe the case of parallel plates immersed
in a solution of hard, macromolecular particles. They then assert that, as the
two plates are brought close together, an attractive osmotic force develops as
a result of depletion of the macromolecules from the volume between the two
plates.

Vrij and de Hek |7, /8] independently rediscovered the depletion effect and car-
ried out experimental and theoretical studies that involved coated silica spheres,
the large particles, of about 50 nm radius in dispersions containing polystyrene,
the small particles, mixed in cyclohexane. The marker for the depletion effect
is the phase separation, which was observed with the variation of polystyrene
concentration.

The effect of correlations can be measured using techniques reviewed in
Kotelenez, Leitman and Mann [I]. For example, laser tweezers techniques can
be arranged to allow two particles to move in one dimension randomly driven
by small particles. It is possible to design particle systems to behave as hard
spheres, see Ackerson, et. al. [9], and these can by synthesized close to monodis-
persed and to various radii. These systems do not require the inclusion of long
range, colloid forces in our theory. It is also possible to develop a molecular dy-
namic computer simulation that will allow tracking of two large particles driven
by collisions with a set of small particles. An analysis of the trajectories of a
pair of hard, large particles will provide a measure of the correlations we expect.

20f course, in this case, D(#) = D1 is just a constant positive multiple of the (2d x 2d)
identity matrix. The symbol 1 always denotes an identity matrix.
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3 Underlying Model and Stochastic Limit

Based on the preceding arguments we seek a model for correlated Brownian
motions of the large particles that satisfies the following four

Desiderata:

1. The marginal motion of any single particle is Brownian (Wiener process).*
2. If the particles are widely separated (dilute system), they perform approx-
imately independent Brownian motions.

3. If the separation between particles is small, their motions are correlated.
Moreover, the correlation is such that if the separation is sufficiently small,
as measured by the the correlation length, they tend statistically to ap-
proach one another further.

4. As the correlation length tends to zero, the particles become §—correlated
in space and time

Our model must also be consistent with the Principal of Material Frame Indiffer-
ence, which requires that the underlying constitutive relations be independent
of the frame of the observer.”

Kotelenez [2, [3] obtained a class of correlated Brownian motions as a scal-
ing limit for the positions of several large particles immersed in a medium of
infinitely many smaller particles.” A brief sketch of this work follows.

We consider two levels of description of the particle system. On the micro-
scopic level, we suppose Newtonian mechanics governs the equations of motion
of the individual atoms or molecules. Our model is essentially an elastic sphere
model. No internal degrees of freedom are assumed.” These equations are cast
in the form of a system of deterministic coupled nonlinear equations. The next
level is called mesoscopic. On this level the motion of the large particles is
stochastic; the randomness of their motions is determined by the surrounding
medium. Here, spatially extended particles are replaced by point particles; large
and small particles are distinguished by their large and small masses.® Further-

3We are dealing here with the joint motion of several large particles and each motion is,
in a sense, an infinite dimensional random variable. Therefore, the terms marginal and joint
are straightforward generalizations of the corresponding terms for finite dimensional random
variables.

4That is, in the limit the particles become uncorrelated unless they collide.

5As formulated by Noll [10], it asserts:

The constitutive laws governing the internal interactions between the parts of
a system should not depend on whatever external frame of reference is used to
describe them.

There is an extensive literature on this subject See, for example, the comprehensive article in
the Encyclopedia of Physics - The Non-Linear Field Theories of Mechanics by Truesdell and
Noll [11].

6Kotelenez [12} [13] introduced correlated Brownian motions as a driving term in stochastic
ordinary differential equations (SODEs) and stochastic partial differential equations (SPDEs).
(See, for example, Equation (3.21))

TWith some effort, it should be possible to include internal degrees of freedom.

8For a rare gas a mean-field force can be a result of coarse graining in space and time,
where on a finer scale the interaction is governed by collisions.
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more, the interaction between small particles is assumed to be negligible and
interactions between large particles can (temporarily) be neglected.”

We suppose that the interaction between large and small particles is elastic.
Specifically, the forces are determined by a scalar-valued potential of the form
o(]r — q|*), where r denotes the position of a large particle and g denotes
the position of a small particle. Thus we assume that the potential does not
depend on the absolute locations of the two particles but only on their relative,
vector difference, r — g; it is a shift invariant function of r and q. In fact, we
assume that the potential depends only on the magnitude of the difference or
the separation, |r — q|; it is an isotropic function of the difference.’’ Recall that
classical Brownian motion is interpreted to be the result of collisions between
many, rapidly moving, small particles and a few, slowly moving, large particles.
These collisions are often assumed to be elastic.

We therefore suppose that the force g, ,(r — q) acting on a large particle
at position r exerted by a small particle at position q is derivable from the
potential @, ,:

geu(r —a) = =Vodeu(lr —al*) = —2(r — @@L ,(Ir — af?). (3.1)

The potential function ¢, and, hence, the force g, , are assumed to depend
on two parameters: the correlation length /e and a time-scale parameter u.
As the time-scale decreases, the parameter p increases.!t’ The stochastic limit
results in a mesoscopic model of correlated Brownian motions.1*

At time t there are N large particles located at r%(¢),a = 1,...,N. In the
stochastic limit, the positions of the large particles are shown to be the solutions,
r%(t,75), of the N kinematic stochastic integral equations'?

r“(t)=r3+/0/Rdge(ro‘(s)—q)w(dq,ds), a=1,..N, (32

where r§,a = 1,...,N are their random initial locations. In Equation (3.2)
w(dq, ds) denotes standard Gaussian white noise on R? x R, , which is the
space-time generalization of the time increments of a standard scalar-valued
Brownian motion. The white noise and the random initial data are defined on
the same probability space and are assumed independent.

The kernel, g, in Equations (3.2) is induced by the force density field g, u
of Equations (3.1) through the transition from a second order system in time

9 As the interaction between large particles occurs on a much slower time scale than the in-
teraction between large and small particles, it can be included after the scaling limit employing
fractional steps (See Goncharuk and Kotelenez [14]).

10This assumption is entirely consistent with the Principle of Material Frame Indifference.
Indeed, for a shift-invariant scalar function of two vector arguments, isotropylis equivalent to
isotropy in their difference. Here |r — g| denotes the Euclidean distance in the state space R4
between the two particles.

11 The parameter w has the units of reciprocal time [%] The symbol V,. denotes the spatial
gradient in R? and the prime (’) denotes differentiation with respect to the scalar argument.

123ee Kotelenez [2]

3Kotelenez [3], Ch. 2, shows that in our context the space-time white noise integrator
w(dq, ds) should be interpreted as a centered "number density” times a space-time volume
element. (This ”number density” times the mass of a small particle is related to the van Hove
density of the small particles.) Hence w(dq, ds) should have the units of time: [ﬁLdT] = [T].

%], it follows, in view of Equation (3.3)
and Footnote 11} that g(r) must have the units of velocity, namely [%] This is consistent
with the kinematic Equation (3.2), since g(g)w(dq, ds) has the units of length, namely [L].

Since g, ,(7) has the units of acceleration, namely [
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(dynamic description) to a first order system in time (kinematic description).
This transition requires that the force density field g, , increases as the time
scale decreases:

G.(r) ~ ng.(r)  asp— oo, (3.3)
In the sequel, we refer to the function g, as the [forcing kernel. It is important
to emphasize that our model excludes interactions among large particle as well
as interactions among small particles. The former assumption can be relaxed,
but it is essential that the motions of the infinitely many small particles be
independent. Thus, our model retains only the effects of the small particles
upon the large, the result of which is the mean-field action on a large particle
governed by Equation (3.2)).

The solutions to Equations (3.2), r*(t) = r*(t,r5), o« = 1,..., N, together
with suitable initial conditions, constitute an Nd—dimensional Markov diffusion
process. For two particles, say r!(¢) and 72(t), #(¢) denotes the 2d—dimensional
Markov pair diffusion process, as shown in Equation (2.1).

As before, the transition probability density of this pair process p(t, q,7)
is the (weak) solution of the Fokker-Planck (or Kolmogorov forward) problem
consisting of Equations (2.2 2.3). Again, the (2d x 2d) pair diffusion matriz,
D(f“), is associated with the pair diffusion through the Fokker-Planck equa-
tion (2.2). However, assuming that the underlying physics has the invariance
properties prescribed by the Principal of Material Frame Indifference, the pair
diffusion matrix is no longer just the scalar multiple of the identity given in
Equation (2.4); it must now have the special block structure described below.

D(#) has the (2 x 2) block structure:

D({'Aa) = D21(’i“) D22(,,A,) D12(,’¢,) D1 ) (34)

- D'(#) Du(f)} _ [ D1 D™(#)
where D can still be construed as a (scalar) diffusion constant. The off-diagonal
(d x d) matrix blocks D*?(#) and D?'(#) no longer vanish and will determine
the nature of the correlation between the two motions.

The (d x d) matrix blocks D“?(#) are computed through the forcing kernel
by the formulal®

Daﬁ( [:;} ) = /Rdg(r“ ~qg"(r" —q)dq, o,p=12. (3.5)

(Unless it plays a direct role, we suppress the dependence of the forcing kernel
upon the correlation length.) From Equation (3.5) it follows that each of these
matrices is a function of the difference (r? — r!). For instance,

() ([ )

MFrom the Fokker-Planck Equation (2.2), the physical units of b(i*) must be [LTZ} The

blocks D*?(#) must carry the same units. Now the right-hand side of Equation (3.5) does
not have these units, since g(r) has units [%] (See Footnote [13.) There is no inconsistency.

The block D*?(#) is the time-derivative of the cross quadratic variation associated with the
Markov processes r%(t, r$) and (¢, 'rg). Since the cross quadratic variation has units [L?],

DB (#) has units [LTZ} The expression on the right-hand-side of Equation (3.5)) is the value
of D*B(#). (See Kotelenez, Leitman, and Mann [1], Appendix B.3, for more details.)
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As a consequence of the invariance required by the Principal of Material Frame
Indifference, they are even functions of the difference (r? — r!). Summarizing
the symmetries:

(DT = D*' = D*2. (3.7)

As a further consequence of our assumptions, D(#) is positive definite (non-
degenerate). In particular, D > 0, so the (marginal) time evolution of each
particle is governed by a Fokker-Planck equation in R? with the constant diffu-
sion matrix D1 and, hence, each particle performs a d—dimensional Brownian
motion.*? The correlation between the motions of two distinct large particles is
determined through the matrix block D12(f'). This correlation depends upon
the difference (12 —r!) and does not vanish. Therefore, the joint motion of the
pair is not Gaussian and, hence, not Brownian.

The (normalized) difference process in R? and its magnitude, the separation
process, defined by

1 1
z(t) = —=(r*(t) — r'(t t) = |z(t)] = —=|r?(t) — r'(t 3.8
(t) \/5( O —r () &) =lz@]= 2O -r @ (8
are also Markov diffusions in R and R. It can be shown that the difference
process (and, hence, its magnitude) is never zero (almost surely) in finite time,
provided it is not zero initially. The diffusion matrix for the difference process
x(t), the difference diffusion matriz, is given by

D(zx) := D1 — D12< [\/%w} ) (3.9)

It is convenient at this point to record some of the structure of D(a:) induced
by the Principal of Material Frame Indifference and the smoothness and inte-
grability hypotheses on g. For & # 0, P(x) denotes the radial projection onto
the sub-space spanned by {z} and P*(z) denotes its orthogonal complement,
the lateral projectionto

For a # 0, the [difference diffusion maftrix D(z) has the form

D(z) = o1 (|z[*)P* (@) + o(|z[*) P(=), (3.10)
where 0,0 : Ry — R satisfy

0<0o.(6%) <D, for £ >0, o1 (0) =0, fhm o1 (%) =D, (3.11)
and
0 < o(&%), for £ >0, a(0) =0, 5hm o(¢?) = D. (3.12)

Note that o(|z|?) and o (|&|?) are the eigenvalues of D(x). Unless they are
equal, o(|z|?) is a simple eigenvalue and o (|z|?) has geometric multiplicity
d — 1. We refer to o as the radial eigenvalue and o, as the lateral eigenvalue.
Observe that D(0) = 0, lim| g o0 D(x) = D1 and, for  # 0, D(x) is positive
definite, symmetric, and D(z) = D(—z). We say the diffusion matrixl D is
radially dominant whenever its eigenvalues satisfy:

o1 (8% < a(€?), VE>O. (3.13)

15To satisfy Desideratum 4}, take ¢ = 1. In this case they are standard Brownian motions.
16Had we considered the case where d = 1, the lateral projection would vanish.
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The separation process, £(t), can be shown to satisfy the following stochastic
1t6 ordinary differential equation:

de = 390 (€2)dt + /o (E2)B(dt), (3.14)

where §(-) is a standard real-valued Brownian motion. (See Kotelenez, Leit-
man and Mann [I] for details.) Observe that the (deterministic) drift term in
Equation (3.14) is proportional to (d—1) and depends only on the lateral eigen-
value while the diffusive (stochastic) term depends only on the radial eigenvalue.
Thus the presence of a drift term is entirely a consequence of the fact that the
underlying physical space has dimension d > 2.

We can apply the criteria from stochastic analysis of one-dimensional diffu-
sions to assess the behavior of the [separation process|for d > 2 for large times.

1. For d = 2, the solution of Equation (3.14) is recurrent whenever the
diffusion matrix| D is radially dominant.

2. For d > 3, the solution of Equation (3.14) is transient.

As a consequence, if d = 2, the two large particles will attract and repel each
other infinitely often almost surely as t — oo and, if d > 3, the distance be-
tween the two large particles will tend to oo almost surely as t — 0o’ These
conclusions are, of course, consistent with well-known results about random
walks. However, the process under consideration here is not Brownian, but
is expected to be Brownian in the large separation limit. Asymptotically, for
d > 3, Equation (3.14)) determines a Bessel process, so these conclusions are
certainly plausible.

In contrast with the long-time behavior of the separation process, we will see
that there is an initial statistical tendency for large particles to move together
when starting from a uniform state, provided they are sufficiently close to begin
with.

To quantify this initial tendency we generalize van Kampen’s notion of prob-
ability flur rate to vector processes x(-) in R% in order to characterize regions
with a bias in favor of attraction or repulsion between particle pairs.’® The
regions in R? to which we refer in the sequel are regions in the space of the vari-
able x, the normalized vector difference of the positions of the large particles.
Thus, if one particle is located at the origin, the other is located at v/2z. Since
we consider distinct large particles we exclude ¢ = 0.9

A point = and a unit vector v determine an oriented hyperplane in R?
through @ with orienting normal v. Let X (x,t) denote the probability density
for the process x(-) at the point & and time ¢t. We define the probability flux
rate vector (at (x,t) with the orientation v) by

iz, t,v) = f%X(m,t)b(m)v. (3.15)

The vector j(«,t,v) may be interpreted as the area density of the inststanta-
neous probability flow rate at time ¢ through a surface element at x oriented

17These two assertions depend upon the presence of the drift term.

18See van Kampen [15].

191t can be shown that two particles which are distinct at some time will, almost surely,
remain distinct for all future times. (See Kotelenez, Leitman and Mann [I] for details.)
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3 UNDERLYING MODEL AND STOCHASTIC LIMIT 9

by v2Y The fluz rate (at (x,t) with orientation v), denoted by J(x,v,t), is
defined as the divergence of the probability flux rate vector, namely?!

J(x,t,v) :=Vzej(x,t,v) =V e (— ;X(ac,t)f)(sc)'u)
: , (3.16)
= —§X(x,t)divb(m) oV — §D(m)VwX(:c,t) .

Note that J(«,t,v) is associated with an oriented surface element at x; in fact,
the functional v — J(x,t,v) is linear.

For simplicity, we henceforth assume that, at time ¢, the probability density,
y — X(y,t), is uniform (constant) in a neighborhood of x. In this case, the
flux rate reduces to 22

J(x,t,v) = —%X(az,t)divb(m) o v, (3.17)

the v component of the vector —1 X (x, t)divD(z). Roughly speaking, the local
spatial uniformity assumption means that, at time ¢, the probability of finding
a second large particle near v/2x, given that the first is at the origin, is locally
constant in @. Since our computations will be essentially local with respect to
a given point x, the assumption is reasonable, provided y — X (y,t) at time ¢
is reasonably regular.

In view of the special form of D(z), given in Equation (3.10), divD(x) is
radial (parallel to x). Let u(x) := fa)> the outward radial unit vector at x.%
Then,

divD(@) = Voo, (2) + P@)(Vao(fof) - Vaou(af)
+ (0(2P) — oL (o) divP (@)
= Vao(lz]?) + (o(|z?) — o (|z|?))divP(z) (3.18)
= (20 e le] + L ollaP) - 0. (2) (o)

For convenience, define & — ¥(§) on (0,00) by

_ 4
_dé‘o—

d—1
£

P(§) (€%) + (0(€%) —0L(€)), (3.19)

so divD(z) = (|z|)u(x) 22
We will be concerned with the radially oriented flux rate,

J(x,t) := J(x,t,u(x)), (3.20)

1
Ld

L_1
TLdfl]’ a flux

20Since the physical units of X (a,t) are [
rate area density.

217, denotes the spatial gradient in R4. The symmetry of D is used in the second line of
Equation (3.10).

22For a square matrix valued function M(y), divM/(y) is defined through the identity
divM(y) e a = V, ¢ M (y)a. Recall that D is symmetric.

23 divP(x) = %u(m)

24For d > 2 all spatial integrals involving 1 will converge at the origin.

], the physical units of j are [
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3 UNDERLYING MODEL AND STOCHASTIC LIMIT 10

which we call the d—dimensional van Kampen fluz rate?? It is a generalization
to d—dimensions of the 1—dimensional flux rate introduced by van Kampen [15].
Our van Kampen flux rate then has the form4®

1 d
3 X(@.)(ggo@) +

T, 1) = 5 X (@, y0(lal) = - o) —01(e):

€
(3.21)
Note that, except for the probability density multiplier X (x,t), here assumed
locally constant, J(x,t) depends only on the magnitude £ of x; that is, on the
separation.
Fix  # 0 and consider a sufficiently regular, sufficiently small region B(x) C
R? whose interior is a neighborhood of @27 The net probability flux rate vector
out of B(x) (at (x,t)) is the surface integral

| iwtnw)aaw = [ -iX@ODwn@)dAw),  (622)
OB(x) OB(x)

where n(y) always denotes the unit outward normal vector to dB(x) at y.
Using the Divergence Theorem and the form of D(y) in Equation (3.10), we
can compute this flux:

/ 5 X(@ )D(y)n(y) dA(y) = —L X (.1 / divD(y) dV (y)
OB(x) B(x)

1
= —5Xn [ wlyhu) v
(3.23)
Since V(B(z)) is small we have®®
[ i) aaw) ~ XDV (@)
OB(x)

~ J(x,t)V(B(x))u(x).

(3.24)

Thus, the vector J(x,t)u(x) is (approximately) the volume average of the net
probability flux out of B(z).*” The latter is (approximately) radial and its
magnitude and sense — inward or outward — are completely determined by
the d—dimensional van Kampen flux J(x, t).

If 9 (Jx|) > 0, the flux is inward, in which case there is an initial statistical
tendency for particles to move together or an attraction bias. If ¥ (|x|) < 0, the
flux is outward, in which case there is an initial statistical tendency for particles
to move apart or a repulsion bias. If ¥(|x|) = 0, we have a neutral bias.

To make our computations more explicit, we use a {forcing kernel of the
following specific form:

|2

g.(r) = ¢a(|’l"|2)’l‘ = Kee 2T, (3.25)

25Under our assumptions, it is the (outward) radial component of the vector

—1iX(x, t)divD(x).
6Provided the initial probability density X (a,t) is locally spatially constant.

27 Sufficiently regular means the Divergence Theorem holds on B(z). Sufficiently small
means that the volume V(B(x)) is small, 0 ¢ B(x), and y — X (y,t) is constant on B(x).

28The oriented flux rate J(a,t,v) and the van Kampen flux rate, J(x,t) are, in fact, flux
rate densities, with physical units [% ﬁ]

29The probability flux out of B(x) is eractly radial whenever B(x) consists of coordinate
surfaces in spherical coordinates.
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3 UNDERLYING MODEL AND STOCHASTIC LIMIT 11

where /e is a correlation length and k. is a constant that depends on the
correlation parameter € and the physical dimension d. The forcing kernel has
this form if the velocities of the small particles are assumed to have a Maxwell
distribution, which is physically plausible. We call g, the Mazwell kernel.

In this case, the difference diffusion matrix D, (z), defined in Equation (3.9),
has the explicit form:3"

D.(x) =D.1— D.(x)
= oeL(jz*)P* () + oc(|J|*) P(x)

_ | . 2?2 |2]? =2
=D.(1—e 2 |P~(x)+D.|1—e 22 + —¢ 2 |P(x),
€
(3.26)
where . .
D, = ing(wa)?. (3.27)

In Equation (3.26)

2 _l=? 2 =2 |22 w2
o1 (l2]?) = DE<1 —e o= ) and o (|z|?) = D5<1 —e 2= 4 e )
(3.28)
The Maxwell kernell clearly induces a positive-definite, symmetric, radially dom-
inant |difference diffusion matrixl provided & # 0. To satisfy Desideratum 4,
take D, = k25 (me)¥/? = 1.
For the Maxwell kernel, the d—dimensional van Kampen flux is:

(1) = —%X(az, t)%e— S 2l ((2 + d)e — |af?). (3.29)

Therefore, the region {x € R? : |z| < /(2 + d)e} has an attraction bias, and the
region {x € R¢ : || > /(2 + d)e} has a repulsion bias. The points of neutral
bias have measure zero in R%. Figure (2) is a graph of the normalized van
Kampen flux, J@) a5 a function of the separation, £ = |x|, for the Maxwell

X (a,t)?
kernel.

30The formula given in Equation (3.5) is used in this computation. So, in view of the
comment in Footnote [14] the units of k. must be adjusted to be consistent with those of c.,

namely [LTZ] .
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Figure 2: The normalized van Kampen flux

J(x,t)
’ X (,t)
ration, £ = |x|. Computation shown for the Maxwell kernel (Equation (3.29))
with e =1,d =3, and D, = 1.

as a function of the sepa-

Note that the radius of the attraction-biased region is proportional to the corre-
lation length /¢ and increases with dimension. The ratio of the minimum value
to the maximum value is independent of the correlation length /¢ and increases
with dimension. For d = 3, the magnitude of this ratio is about 16, so we can
say that the tendency to move apart is much weaker than the tendency to move
together. For a given dimension, the magnitudes of the minimum and maximum
increase as the correlation length decreases. We expect the same results for any
unimodular distribution.

4 Conclusions, Comments, and Open Questions

We begin with a model for a solute of finitely many large particles in a solvent of
infinitely many small particles. Our model is a stochastic limit from Newtonian
particle interactions. It retains only the effects of interactions between the small
and the large particles; interactions among the large particles and interactions
among the small particles are systematically neglected. We then analyze the
resulting correlated Brownian motions for a pair of large particles. Our specific
computations assume that the velocities of the small particles have a Maxwellian
distribution. By use of a generalized van Kampen flux rate, we show that there
is an initial statistical tendency for the pair to move together from a uniform
state, provided they are sufficiently close to begin with. On the other hand, we
also show that the particles always tend to move apart in the long term, provided
the dimension of the physical space is three or higher. (In two dimensions the
long term behavior is recurrent.) The transition between our short term and
long term results is not yet understood and needs further study. It is possible
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that our analysis no longer holds in its simple form once there is a significant
deviation from a uniform state.

Furthermore, our computations also show that there is a much weaker initial
tendency for the particles to move apart from a uniform state if they are not
close to start with. This is unexpected and also requires further thought. Is
there a physical basis for this? Or, might it be an artifact of the model? Since
our model isolates a pure second-order effect, it may be that there are higher-
order effects to consider which would alter the conclusion.

These comments beg another question: Can correlated Brownian motions
be defined in spatial dimension d > 2 for which a pair of Brownian particles are
trapped for all time at a sufficiently close distance from one another?

Finally, it would be useful to be able to estimate or compute from our model
the time it would take for the transition from the initial depletion effect to the
long-term transient behavior. Even for the Maxwell case, we do not have a way
to do this.*!
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