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Equilibrium states for quasigeostrophic flows with random topography
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Abstract

We study the 2-D quasigeostrophic flows in the presence of complex bottom topography. The meaning of randomness of
the bottom topography is discussed and the proper model is offered. In the zeroth order approximation this model yields a
quasigeostrophic equation with random Gaussian profile. We study the Gaussian stationary ensembles and derive explicit
relations between the correlation functions and spectral densities of solution fields (velocity/stream function) and the topog-
raphy. Statistic ensembles play important role in the 2-D hydrodynamic and were subject of numerous studies (see Kraichnan
and Montgomery (1980; Isichenko (1992)and references there). Our results are consistent with the earlier works (Kraichnan
et al.), but the method is different. We work directly with the moment equations and utilize their symmetries, rather than the
Gibbsian energy/enstrophy ensembles on the phase space. We hope the scope of our technique could be extended to other
cases, particularly a nonzero base current and (turbulent) viscocity dissipation.

Kevwords: Quasigeostrophic flows: Random topography

1. Introduction

The quasigeostrophic approximation (QGS) describes large scale dynamics of incompressible fluid flows propa-
gating over bottom topography subject to Coriolis forces. Its stream function ¥ (r: 1), r = (x; v) obeys the following
equation (see [1]):

)
;TAw:J(Atjf +hiy). (1
[4

where u = (—0dy/dy: 9y /dx) denotes the velocity field, J (¥ ¢) = (3¢ /9x)(d/dy) — (9 /dy)(d¢/dx) the
standard Jacobian of two functions and { = Ay + h the potential vorticity. The topographic factor # combines the
effect of the *depth-variation over mean depth’ § H/H. the local Coriolis parameter fy and the latitudinal change
of the Coriolis parameter, so called S-factor

h=fi o +8
1= Jo— AR
Hy
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Special case h = 0. B = 0 corresponds to the classical inviscid Euler 2-D fluid. We are interested in statistical
solutions of (1), particularly the effects of complex topography (modeled by random function 4) on stream-field .

Equilibrium statistical ensembles in 2-D hydrodynamics were studied extensively starting with the pioneering
work of Kraichnan [2] (see also [3-15]). The standard approaches involve the proper phase-space representation
of the Euler/QGS-flow (e.g. point-vortex approximation, eigenmode expansion etc.) and the micro-canonical or
canonical (Gibbs) ensembles based on the conserved integrals: energy, enstrophy, etc. Among various Gibbsian
equilibria the Gaussian ones (based on energy-enstrophy) play particularly important role (see [4,6,7,10-12]). Here
we shall adopt a different approach.

To introduce the proper models and equations let us first to elaborate on the ‘random’ nature of topography in
QGS (1) and the resulting “stochastization’ of the flow. In dynamical system theory statistical averaging appears in
several contexts. One natural setup involves a deterministic system v = F () on a ‘large’ (infinite) phase-space
P, where averaging results from ergodicity of the flow on joint level surfaces of its conserved integrals. A typical
trajectory of such system would sample different (allowed) portions of the phase-space P with different frequencies,
that would eventually accumulate to a continuous (microcanonical or canonical) Gibbs distribution on P. So ‘time
averages’ accumulate to the ‘phase-space average’ in this setup.

Another context involves systems with random parameters (coefficients): W = F (¥ h), for instance stochas-
tically driven dynamic systems with random forcing: ¥y = F (i) + h, or diffusion models of passive tracers
in turbulent velocity fields. In such cases the role of the Gibbs ensemble is played by the ‘Fokker—Planck’-type
(stationary or nonstationary) distribution.

Randomness of topography reflects its geometric complexity. One possible manifestation of complexity could
be multiscale (multifractal) structure of 4 exemplified by ‘random’ Fourier expansion

h = Z hpy COS Ky X

(random coefficients {/,,}). illustrated in Figs. | and 2 (see |13} for a detailed exposition of ‘statistical topography’).
Other forms of complex geometry could be produced by a particular shape or pattern randomly replicated/distorted
over the plane.

In either case nonlinear interactions between various scales (wave numbers) of ¥ and 4 are expected to bring
about the stochastization of ¥ via formation of the large—small-scale eddies and the transfer of energy/enstrophy
among scales. The statistics of such equilibria {ys} (means, correlations, higher moments, the related power spectra
etc.) could then be linked to statistics of the media 4 and/or fluxes of the conserved quantities.

There remains however the basic issue as to what extent could one model ‘complex’ geometry by random
coefficient /2 in dynamic equations, like (1). Indeed, topography per se does not provide requisite ‘sources’ to
sustain fluxes in the cascade scenario. Also ‘complex’ (even multiscale) function 4 could not be strictly speaking
viewed ‘random’, as in any ‘local” space region it is fixed. So the stream-field ¥ could effectively interact only with
a ‘particular realization” of 4.

One natural setup that brings about ‘random sampling” of 4 by ¥ and the ensuing stochastization arises in
the context of a current propagating over complex bottom profile. In the simplest case we take a parallel flow
Yy (r) = VL . rof constant velocity V. The mean field ¥ solves only the mean (assumed to be zero: (h) = 0)
topographic QGS (1) and produces a (small-scale) perturbation ‘eddy’ field . So the total stream-field is the sum
Wy + . As perturbation ¥ is carried over by the mean current it could samples different ‘local realizations’ of
random topography {#; (r) = h (r—V1):t}. In such case the ensemble averaging of ¥ results from ergodicity of
h relative to space translations {h (r—rV) .1 > 0}. In other words the stochastization is brought about by multiple
interactions of  with ‘local realizations” of h along the mean flow ¥, assumed to represent the entire ~-ensemble I,

! Such ergodicity assumption could be justified in some cases. for instance for Gaussian stationary random ficlds h.
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Fig. 2. Random Gaussian topography A.

Based on such observations we shall consider a simple parallel flow ¥, (r) = Vy perturbed by small-scale
stream-field ¥ (r, ) propagating over random 4, and interacting with 4 according to (1). We are interested in the
dynamics and statistics of the perturbed field v (r. r). The latter obeys the stochastic differential equation

(0, + Vo) AY = J(AY + h; ) — Vh,.
Passing to a moving coordinate frame r—r—Vr we can rewrite the latter as

9, A :J(A¢+iz:¢) ~ Vh,, @

where /4 indicates the time-dependent (moving) topography & = h (r — V). Notice that topography appears now
in two places, as random coefficient inside the J-term and the random stirring force in the r.h.s.

Fr.it)y=Vh,(r—Vrn 3)

similar to a wind-share. The statistics of / and F are simply related to those of A, in particular both have zero
means and their space~time correlation scales depend on two parameters: the correlation length / of /2 and the mean
(current) velocity V. Precisely,

(FroF@E. )= Y vydiBy(r—r—Vv(-1)). (4)

ij=1.2

where By, is the correlation function of 4. Assuming / to be homogeneous and isotropic random field we get
By(r—r)y={(hrh(r))=By(r-r|/i)

From (4) one deduces the time correlation scale of the ‘forcing’ term F to be

/’[’ %[/V
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So two distinct regimes appear in this setup.
(1) Short time-correlation //V <« 1 corresponds to large current velocity compared to the correlation length of
h. Here one could apply the 8-type (white noise) diffusion approximation and produce a suitable Fokker—

Planck (Novikov) equation for the distribution density P, = - -- of ¥ (dots indicate the proper transport and
diffusion terms). Stationary Fokker—Planck solution could be used (in principle) to compute the correlation
function

By (r.r') = f vy (r) P ) dy

higher moments and the related power spectra. This work is currently in progress.
(2) Long time-correlation // V >> 1. This regime corresponds to a relatively slow current.
Our primarily interest in this paper will be the second case. Here the problem acquires a small parametere = V /1,
and has dimensionless form

HAY = J(AY +h: ) —€h, (5)

with & representing the ‘moving’ topography 4 (r — €1) of O (1) — correlation radius.

Egs. (2) and (5) are nonlinear and involve rather complicated and implicit dependence of ¥ on random parameter
h. A direct approach to statistics of ¥ entails the chain of coupled moment equations. The standard Gaussian closure
would allow one to reduce the infinite system to its second and third moments (two-point and three-point correlators),
and eventually produce a kinetic-type equation for correlators By ; By ; By (similar to the weak turbulence theory
[14]). The derivation of the proper kinetic equation and its analysis is fairly complicated, and so far we had only
partial progress along these lines.

Let us remark that the proposed dimensionless form (5) offers another possible approach based on the perturbation
expansion

YRy +ey o+ (6)

In this paper we make the first step in such analysis and concentrate on its zeroth order term, i.e. solution of the
equation

WAy =J (AY +h: ) (N

with Gaussian homogeneous isotropic field # = A (r). Solutions of (7) need not be Gaussian in general. It turned out
however, that (7) does have stationary equilibrium solutions ¢ with zero mean (i) = 0. Furthermore, its correlation
functions By ; By are simply (linearly!) related to correlator Bj,.

The reason for simple ‘linear’ Gaussian solutions of highly nonlinear and complicated moment equations depends
on special features of (7) and the corresponding kinetic equation. The nonlinear Jacobian bracket of (7) yields a
quadratic (collision) term that could be factored into the product of two linear terms. Those naturally lead to linear
differential relations between correlators By ; Byx: By. The final answer could be expressed in terms of spectral
densities of ¢ and h:

Cr (BK) Ex b ®
ks (a4 pR2)

Ey (k)= f dre" By, (r) =

Not surprisingly our solution (8) coincides with the well-known results based on the ‘Gibbsian’ approach
([4,7,10)), where parameters «, 8 represent the Kraichnan's energy—enstrophy temperatures ([4]). Our method
however is different from the standard approaches as it does not require a priori the Gibbsian form on the limiting
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stationary distribution, nor the knowledge of the QGS-conserved integrals (an open problem in hydrodynamics,
cf. [18]). Besides Kraichnan’s solution (8) our analysis reveals another solution with the §-type ‘coherent’ spec-
trum: E (k) = C § (k — ko). Its meaning and significance are not clear at the moment, a better understanding could
be gleaned from the detailed perturbation analysis.

Solution (8) has several physical drawbacks, in particular divergent energy-term C; (k2 + ké)_l, due to the
absence of viscous dissipation in the model. Adding dissipation to (7) is expected to provide the needed correction,
but it changes significantly, the form of the kinetic equation and precludes the ‘factorization trick’. 2 Viscous case
along with the general perturbation method and the kinetic equation approach are part of our ongoing study still
in progress. We expected to produce a variety of solutions in both stationary and non-stationary cases and find the
requisite corrections to the energy spectrum (8).

In this paper we shall not pursue either of two methods in depth. Rather for the purpose of exposition we use
the direct ‘correlator-splitting” approach to stationary statistical solutions of (7). It was originally developed in the
Euler case # = 0 in [5]. Here we elaborate it further to include topography and sketch some applications to the
two-layered baroclinic flows and the turbulent diffusion problem.

2. Correlation function of stationary QGS-ensembles

We consider homogeneous and isotropic random fields /# and random initial state ¥, with zero mean (h (r)) =
{(¢r) = 0 and the correlation function

By(Ir=r)={h(ryh (r)).

Here and throughout the paper angular brackets (- - -) are used for statistical averaging over random ensembles. Our
goal is to derive the equations for correlators By : By, in terms of By,. In what follows it would be more convenient
to use the structure function

2

Dy (r—rt)= <[w (rin) ~ g (r; r)] >= 2 [B,,, (0:1) =By (r—r'; t)]

rather than correlator By, (r, r': t). Let us remark that all 2-point correlators By, : By, and the cross-term By, depend
only on the difference r — ¥ — a consequence of homogeneity (translational symmetry) of the problem.
We start with the triple correlator

(A Ay Ayr) = (AY (1) Ay (i 1) Ay (r3it))

and similarly defined (A & k), and write the evolution (moment) equation for it

%(Aw AY AY) = (AY Ay Ay )+ (Ay Ay Ay )+ (AY Ay AY). ©)

Clearly, the stationary regime gives 0 in the Lh.s. of (9). Next we replace derivative Ay by the quadratic form
J (Ay + h: ) according to the QGS-evolution (1), and expand the resulting quartic correlators the r.h.s. of (9)
through the standard products of the 2-point correlators {{yr) (¥)} or {{y) (¥+h)} summed over all pair partitions
(Gaussian closure). The resulting cumbersome expression of (Aw Ay A‘(//) + --- combines the derivatives and
products of the 2-point correlators of ¥ and 4.

2 To compound the matters the dissipation term would itself depend on  through its effective turbulent-viscosity coefficient (its
small-scale spectrum) that results from stochastization of the flow.
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To simplify it and bring to a manageable form we shall introduce the following two-variable function X made of
the products of derivatives of Dy, (¢) and the cross-correlator By (g)

1 9° )
X (p1q)=—-——{[A2Dy(p) A,Dy (@) — ALDy (@) ApDy(p)]

pq 3pdq
—2[ApByn(p) 8¢ Dy (q) — ApDy(p) AgByn ()]} (10)
Here vectorsp = (x;y);q =--- in R? have norms p = 1Ipl; g =gl .and A,; A, denotes the standard (radial)

Laplacians inp ; q
3?19

Ap= -2
7 9g " qog

The quartic correlator equation (9) will be shown in Appendix A to produce a simple functional relation for
function X. Namely,

X(q1q2) +X(g2593) + X (g3:q1) =0 (1)

for any triplets of coordinates g1 = |ri —ra|; g2 = |[ra —r3| ;g3 = |ry —ry|.
We proceed next by observing that function X (p; ¢) is antisymmetric in p; g

X(pig)=-X(q:p).
Hence the general solution of (11) could be expressed through a single one-variable function A (g) as
X(q1:q2) = A(q)) — A(q2). (12)

Such representation (12) will allow to separate variables p. ¢ in (10) and to reduce it to a system of ordinary
different equations relating By, ; Dy, ; By, Indeed, multiplying (12) by g g2 and applying the fourth order differential
operation 8*/3g;dq; we get a nonlinear separable pde in variables g1 : g2

BN 5
W{A; [Dy (91)] A2 [Dy (g2)] — A3 [Dy (g2)] 41 [Dy (g1)]
— 241 [Byn (9)] 82[Dy (g2)] — 24, [Dy (q1)] A2 [Byn (g2)]} = 0. (13)

Here A|: A; abbreviate the radial Laplacians in ¢|; g3 respectively. Variables g, g, are easily separated in (13)
and the latter is reduced to an ordinary differential equation

(Ag + 1) AgDy —2A,Byp =0 (14)

for unknown functions Dy, (g) and By (g). The separation procedure introduces a dimensional constant A (inverse
square length) related to the ‘energy—enstrophy temperatures’ of [4].

2.1. Euler case

To proceed further let us first review the Euler case £ = 0 studied in [5]. Here Eq. (14) is simplified to

(Aq +0)4g [Dy ()] = 0. (15)
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There are two classes of solutions (15), corresponding to positive and negative values A = ké > 0and A =
—ké < 0, those are related to the negative and positive ‘temperature’ of the Kraichnan’s energy/enstrophy Gibbs
ensembles.

In the former case A > 0O the fourth order differential equation (15} is reduced to the second order one

Ay [Dy @)] = C Jo (ko).

with the first kind Bessel function Jy(z) in the r.h.s. Hence follows the structure function and the appropriate spectral
density

E (k) = Eod (k — kg) .

As we mentioned earlier the §-type spectral density implies the higher level correlation (coherent structure) of
the random field v, reflected in the slow (polynomial) fall-off of Jj.
In the second case A = —ké < 0 Eq. (15) is reduced to

Ay [Dy (9)] = —C1 Ko (kog) (16)

with the third kind Bessel Ko and certain dimensional parameters ko and Cy. The corresponding spectral density
becomes ([2—4])

E(k) = Eo/(K* + k). (17
To compute the structure function Dy (g) we integrate (16) subject to the boundary conditions: Dy (0) =
0: DI’{, (0) = 0, and find
Dy (g) = C [Ko thog) +In (kog ) + ¥ | ()
with the Euler constant y . Notice that (18) gives the log-divergent solution at oo, to get a bounded one we interchange
two differential operations in (15) and solve it in the form
(Ag + 1) [Dy ()] = 0.

Let us remark that the 2-D stationary Gaussian ensembles for incompressible fluids could be either localized
(8-type) or decaying at oo (17), whereas the 3-D flows allow only the white noise (§-correlated) solutions (see e.g.
[15-17D).

2.2. General topographic case

Next we shall turn to the general topographic case (14). We look for solutions of (14) in the class of bounded
functions Dy, (g) . Byn (q). Eq. (14) could be recast in the form

(Ay + 1) [Dy (@)] — 2Byn (g) = 0.
or using the correlator By in place of Dy,
(Ag +A) [By (@] + Byn () = 0. (19

Eq. (19) is not closed as it couples By to a new (yet undetermined) cross-correlation function By . To determine
the latter we take another 3-point correlator (Ay A h) and let it evolve according to (1). The stationary third moment
equation

d
3 (A (r1:1) h(r2) h(r3)) =0
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can be analyzed as above (via Gaussian splitting of the 4-point correlators) to get

P

1 b
q193 991943

[Al [Bu/h (611)] By (g3) — A3 [Brj/h (qz)] Byn (q1)

+ By (q1) Byn (g3) — Br (q3) Byn (q1)} =0
analogous to (10) and (11).Then separation of variables {q;; g3} yields an equation similar to (19)
(Ag + 1) [Byn (@] + Br(g) =0 (20)
with yet another separation constant Aj. The combined system of two equations (19) and (20)
(A +2)[By @]+ Byn (@) =0, (Ag+ 1) [Byn(@)] + Bu(g) =0 2n
is already closed, and gives the requisite relations among three correlators Byy: By By
By = (A, +1) " Byw = (A, +2) " (4, + 1) Bu.

One can formally solve (21) for By ; By with arbitrary values of parameters A; A1. However, such solutions need
not describe the Gaussian equilibrium ensemble {y; h}. Indeed, the latter will be shown to require the consistency
conditions A = Ay, i.e.

-2
By = (A, + 1) "By
2.3. Consistency condition and existence of Gaussian equilibria

We shall use the characteristic functional of random fields (y: &)

D, [vik] = <exp{f (r:t)v(r)+h(r)l<(r)]}>
= {expi {(¥|v) + (hlx)}) .

Here ( f|g) indicates the standard L>-inner product on functions over R%.Clearly, @, contains all spatial statistics
of fields {y (r; t): h (r)} at time 7. Furthermore, dynamic evolution (1) for ¢ implies a linear evolution equation in
variational derivatives for @, known as the Hopf equation [19] (see also [15-17])

A’IJ(AS-}—S 8))<p[ «].
[—— v
sv bk bv !

The limiting (equilibrium) state @5, = lim;_, 5c @, has (3/91)P5 =0, 1.

(a7

The characteristic functional @ of the Gaussian field (v; &) involves the standard quadratic/bilinear forms of
(v: ) with coefficients given by the above B-correlators. Namely

aq"['l*'
at,L,K—lL

| J Aa + 5.8 (2] k]=0 (22)
50 ok v o [vix] = 0.

Do 0] = exp {4 [(v] By v) +2 (v | Bun | )+ & | By [ 0]} (23)
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Here each bracket (- - - |B| - - -) is viewed as an integral (convolution) operator applied to a suitable pair of functions
{vs vl {vs ks {es k) eg

(v | Byn k)= /f d*rd B(r—r) v « (F).
Substitution of (23) in (22) yields after the proper use of variational derivatives
(A*‘uu(F;G))cpx—<A‘1v’J(Aw +h:w)> =0 24)
with functional coefficients
F = ABy v+ Byn[v]+ AByy (k] + By [k]. G = Byy vl + By [x]. 25)
Here operators B - - - [v]: B - - - [k ] in(25) could be understood as integral kernels B(r — r’) applied to test functions
VNS

Blv|(r) = f Bir —ryv(rydr.

We observe that the second term (A~ 'v| J (Ay + h; y)) of (24) vanishes identically due to the statistical ho-
mogeneity and incompressibility of the problem (see Appendix A). Now it remains to substitute the correlator
equations (21)

A [Bw] + By,h = —kB,p, A [Bl//h] + By = —A BWh

in (24) to get

(Ailv

In order for the Lh.s. to vanish for an arbitrary choice of {v; «} (the stationary condition) two separation constants
(21) must be equal

sv 6/(: sv

§ 5 8
J (A— +— ~)> ([@ool = (e = 2) (47" 0 |7 (By [0]: Byn k1) ) Pox. (26)

A=Al

That is precisely the consistency condition for the stationary Gaussian ensemble with correlators (21) to exist.
Clearly, such ensemble would allow only for a single length scale determined by the separation constant A.
We complete our section on the Gaussian QGS equilibria with the following remarks.

Remark 1. The correlator-function of the random solution {} of (1) was obtained by augmenting the ‘flat bottom’
solution of the homogeneous problem (19) and (20), with a particular inhomogeneous solution given by By (¢).
Namely,

Byn (@) = (A + 1) Bu (@), By(q) = BY (@) + (4 +2) " [Bx ()], 27)

where Bf/)/ is the flat (unperturbed) Bessel-type correlator Jg or K.

Remark 2. The canonical ‘Gibbsian’ approach yields formulae (27) ., (17) and (18)), and the related spectral densities

2> _# (Bk2)? Ep (k) o8




V. Kivatskin, D. Gurarie/Physica D 98 (1996) 466480 475

Fig. 4. The steam-lines of random field .

and

K2 (Bk2)* Ex (k)
a+ Pk (o4 ﬁkz)z

<¢3* (k) h (k)) = (29)

via Fourier transform. Here 1,// (k): h (k) denote the Fourier coefficients of ¥ h and Ey; Ej, — spectral densities of
yr and A respectively. Indeed, Gibbs equilibrium
du (¢) = Zexp{—«E — B0} dyr
based on two quadratic functional of ¥ : energy E = % [ Av andenstrophy Q = % | Ay A yields the correlation
B
By = (ea+pA%) By 1s]

whence follows (28) and (29).

Figs. (2—4) illustrate random bottom topography 4, the corresponding steady-state stream-field
Y =(@A+p)" h]

and its flow-lines.

3. Some extensions of the main result

Steady-state solutions ¥ of the deterministic QGS-equation (1) are well known to satisfy

Ay +h = f(¥).
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Fig. 5. Schematic view of the two-layered flow.
which in the simplest Fofonoff (linear) case [20] becomes
AY +h = —iy. 30)

If one formally views (30) as the stochastic equation with random coefficient 4 one could easily compute the 2-point
correlators for (¥ ¢) and (¥: #) and get the same system of differential relations (21) for them. In this sense the
problem of Gaussian stationary ensembles is statistically equivalent to the stationary Fofonoff solutions (30). This
conclusion draws on the well-known fact about Gaussian Gibbs ensemble (with deterministic factor &) [8]: the mean
field (¥} of any such ensemble solves the stationary Fofonoff equation (30).

3.1. Two-laver QGS flows

The basic quasigeostrophic equation (1) describes a single layered fluid and does not take into account the
baroclinic effects. The latter could be approximately modeled by the two layered model, i.e. a coupled system of
QGS-equations [ 1] (see Fig. 5)

d

E[A]’[/I —a F (1 =¥ =J (A —a F (Y1 — )i yn),

J

" [AY2 —arF (Y2 — )] = J (AY2 — o F (Y2 — ¥ry) + foarH: yo) 3n

where parameters « = |/H): @2 = 1/H> denote inverse layer thicknesses; H-relative bottom profile p3; p1 —
layer densities: f — local Coriolis parameter and coefficient

F:&p‘+"3

3 (p2 > p1).
<8 P2 — pI

System (31) in the absence of topographic factor was considered in ([7]). One can use the methods of Section 2
to show that the Gaussian equilibrium for (31) is statistically equivalent to the steady-state Fofonoff solution of (31)

Ay — o F (Y — ¥2) = =21y, AYr — a2 F (Y — Y1) + foar H = — A2y (32)

Such equilibria are characterized by two ‘eigenvalue’ parameters Ai: A2, i.e. the system has two length scales.
Egs. (32) can be written in the operator-matrix form

A—o F+ i o F Y| 0
ar F A—arF+ ¥a || foarH |’
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D

Fig. 6. Two regions of the coherent structure in the A — parameter plane: Region | corresponds to the single-scale coherent structure,
region 2 to the double-scale one.

or in the equivalent scalar form
Livil=aiFfoH.  Liyal=—arfo(A+hr —aiF)H
with operator
L=A"+1k+h2— Flag+a2)] A+ {Aha — F Goog + hjan)} .
Operator L can be factored in the product
(A+ ) (A+p2). (33)

whose characteristic roots are expressed through the shifted eigenvalue parameters: 5»1.2 =A12 — Fayo,

r
!

Hi2= 5(5‘1 + )+ \/%(Xl - 12>- + o F2.

The coherent structure (delta-type spectral density) corresponds to the positive characteristic roots (33). The
resulting range of parameters x that give positive roots include (Fig. 6)
e LAy < ajas F? — single positive root,
° )1]}:7_ > ajar F?and Xl + i > 0-two positive roots.

We observe that the two-layered flows allows coherent (8-correlated) structures with two length scales (region
above the upper branch of the hyperbola A = ajan F2).

3.2. Passive tracer transfer

Another application of our technique is to the passive transfer by random incompressible velocity fields. In the
simplest one-layer case the basic QGS-flow (1) is supplemented by the tracer-density equation

RL] 06 : )
—du-— =080 =6(r).
or or

or in the stream-function formulation

o0
5 e =0 G4
C
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The initial state 6 is assumed to be a homogeneous random field with constant mean (6 (r)) = 6. Clearly, the
mean will remain constant (6 (r: 1)) = 6p for any time ¢. It is convenient to replace the positive tracer density 6 by
its log that takes on both positive and negative values 8 — x = log8/6y. We consider fluctuations of x about its
mean value xo = (log©/6p),i.e. X = x — xo0. The evolution equation for x retains its form

dx - .
al+1<x V=0 x(r0)= %o, (35)

but the random fields x: ¥ and 6: 6 behave differently. The former have Gaussian (normal) stationary limit, whereas
the latter are always log-normal. As above one could show the Gaussian equilibrium ¥ to be statistically equivalent
to the random steady-state solution of (35)

X (r)=—A(r)
with certain parameter 4. Hence follows the correlation-function for x
B; =12
i = *By.
and the cross-correlators
By = —A1Bynp: By = —A1By.

Let us observe that the coherent (§-type) equilibrium ensemble of {1y} yields a similar coherent state of x and 6
with the same length scale.

Appendix A. Correlator splitting and derivation of the basic equations
We use the dynamic equations (1) for each of three factors in the triple correlator of the stationary ensemble ¥

9
m (AW (riin) Ay (ract) Ay (rss ) = {1} + {2} + {3}. (A1)

where symbol {1} denotes the quantity
(=AY ) +hr) iy (rn) Ay (rait) Ay (r3in)., (A2)

while {2} and {3} correspond to cyclic permutations of variables (r;; r2; r3) in (A.2). Next we split the quartic
correlator in the r.h.s. (A.1) in the product of pair correlators using Gaussianity

(N =(J(AY (ri:0) +h(r) Y (r: 1) Ay (rai 1) Ay (r3; 1))

(Rt Rl N0 )
ax| ay
+<amwm’:n+h<r.)1 Aw(r3;t)><"'“‘ D pu >
dx| ay)
_<8[A¢/(r1‘:1)+h(r|)l A (rai ><61//(1 LLAULLI R, ,)>
avy d
_<6[AW(rlz;il)+h(rl)] AV (ry: t >< ‘/’(’i )AW(rv r)> (A.3)
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Here we dropped the product terms containing {J (A (r) -+ h; ¥ (r))) as it vanishes after the ensemble averaging.
Indeed, J (AY + h; ) represents the r.h.s. of the vorticity equation

w=J(w:Y).

where w = Ay + h. But the latter is also written in terms of velocities

] N 0 (ww) = 0
TR et
So {J (w; ¥)) = (3/0r) - {(uw) = 0 due to the statistical homogeneity of fields ¥; w; u.

Using that same statistical homogeneity of ¥ and k one can replace the r-derivatives (3/3x;: 9/3y1)in (A.3) by
the r;- and r3-derivatives. Then (A.3) takes the form

5 a
{I}=— ([A¥ (ri:t) + h(r)] AY (r2i 1) —

Py o (20 Av s

ad

y2

9
+ Fo ([AY (riin) +h(r)] Ay (r3: 1))

(W (rizn) AY (r2: 1))

et

J a
— LAY (D) R D] AV (Fi D) — (Y (1) AY (3 D)
vy 9x3

] J
— LAY 1)+ R )] AY (3 0) -
dv3 9x2

((riit) Ay (rain).

The latter can be recast through the correlators and cross-correlators of fields ¥ and A

w2

32 a*
=(-—— - A2 {A2By (1) — - -
{1} (axzan 3}'23X3> 2[A2By (11 —r2) + Byy (ry —1r2)| A3By (r1 —r3)

92 9’
— A3 A3B - B — A2B - A4
+ (8)(38,»'2 8y3axz) 3[ 3By (r1 —r3) + Bys (r) —r3)] A2By (r —12) (A4)

Introducing vectors
q) =Ty —ra q2=1Tr>—ri q3 =r3—ri.

and scalars ¢; = |g;| we replace all r-partials in (A.4) through the g-partials

9  xp—x2 9 a  yi—=w»m a 0 x3—x 0 B W=V )

ax; @ g v g dq dx3 a1 9q A3 g1 dq1
The off-shot is the following equation

)

1
{l=—(q1rg3) — At{[ABy (1) + Byn (q1)] A3By (g3)

q193 941943
— [4By (g3) + Byn (g)] By (q1)}
=—(gz~nq1) X(g3:91).

Here we denote by g, A g3 the wedge-product of two vectors (area of the parallelogram spanned by ¢ ¢3). In the
similar vein we treat two other equations for the {2} and {3}-terms of (A.1). The result is

G3ng) X(g3:q1) + (g2 7 q3) X(g2:93) + (@1 Aqg2) X (q1:¢2) =0.
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Once the common factor
PG =q2Nq3 =41 Nq2

is dropped (remembering ¢; + g2 + g3 = 0) we end up with the basic functional equation (11) for X (p; ¢) (10).
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