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In this paper we shall consider the eigenvalue problem

H[p] = X (0.1)

for three types of differential operators H:
(I) Laplace-Beltrami operators A = > % dig"\/g 9;, on compact manifolds M
ij

with Riemannian metric g;;dz'dz? [g = det(g;;));

(IT) Laplacians A on bounded regions €2 in R™ (or more general manifolds) with
suitable boundary conditions on I' = 9Q (Dirichlet, Neumann, mixed
[(u — ROy u)|r = 0], periodic, etc.);

(IIT) Schrédinger operators with scalar and vector potentials: H = —A + V(z), or
(tV + A)? + V, on manifolds M or regions .

In all three cases the operator H is well known to have a discrete real spectrum:
Hpx] = Aptbr, vx € L2, spec(H) = {\}5° C R, accurnulating to {co}. This follows
from the general elliptic theory, through compactness of the resolvent or semigroup,

Re = (¢ —H)™ or et (see [Ag], [HO)).
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Narcowich, Discourses in Mathematics and Its Applications, No. 1, © Department of Mathematics,
Texas A&M University, College Station, Texas, 1991.
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The main objective in spectral theory of differential operators is relations be-

tween

Geometric data: ceofficients of H; shape of the boundary; metric, etc.

and
Spectral data: eigenvalues/eigenfunctions of H.

The Direct Problem asks one to find {\x}, or certain asymptotic/approximate
characteristics of spec(H) (spectral invariants) in terms of the operator’s geometric
data, while the Inverse Problem is to recover the geometric data (or a part of it)
from suitable spectral data.

Both problems are interesting from the mathematical standpoint and find nu-
merous applications in physics. The physical models include vibration of elastic
bodies, acoustics, electromagnetic waves and quantum mechanics.

For all such models (0.1) describes the proper modes of motion of the system
(standing waves), {}.

Indeed, the standard wave equation,

(¢) Uy = Hlul,

describing vibration of elastic bodies (strings, membranes), as well as propagation
of sound and light, and the Schrodinger equation of quantum mechanics,

(1) i¢s = H[¢],

can both be expanded in eigenfunctions of H,

(2) u = Z akeii“”‘tv,bk(a:)with frequencies wy = v/ Ay,

(i1) 6= are™py(a).

The eigenvalues {A;} determine all the proper frequencies of vibration {w; =
v/ Ak} in the wave problem (i), while in quantum mechanics H represents the Hamil-
tonian (energy) of a system, {11} its bound states, and {Ar} the corresponding
(quantized) bound state energy levels.

Solution of the inverse problem yields certain geometric and physical param-

eters (such as shape of the region, coefficients of conductivity, etc.) from frequen-
cies/eigenvalues.
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M. Kac was using such physical lingo when he coined his famous phrase “Shape
of the drum” for the inverse spectral theory. In his seminal paper [Ka] Kac was
specifically interested in the inverse “membrane problem”: determination of the
boundary of Q0 from the spectrum of the Dirichlet (Neumann) Laplacian Aq.

But after [Ka] the terminology stuck to other spectral problems, including
the “Shape of the (Riemannian) metric”, and the “Shape of the potential” for
Schrodinger operators.

In our paper we shall briefly survey the history of the subject, and then outline
some recent progress in all three “Shape Problems”.

§1. Weyl Formula, “Phase Volume” Counting and Spectral Invariants

Weyl originated to a large extent the field of spectral theory of differential
operators by his seminal work [Wel] on asymptotic distribution of large eigenvalues
for the Dirichlet Laplacians in regions @ C R™®, H = —Aq.

Let N(A) = #{ (H) < A} denote the counting function of H, the number of
eigenvalues below the level A. In 1911 young Weyl, on the suggestion of Hilbert, set
out to investigate the asymptotics of N(\) as A — oo, and derived his celebrated
formula,

N ~ (i'snmw/? I (1.1)

where [Q2| = Vol(Q), B,, = surface area of the unit ball in R”.

He also conjectured the next term the expansion to be proportional to the area
of the boundary, 09Q; i.e.,

N(X) ~ CoA™? 4 0 A =D/2 4 o), (1.2)

with coefficients Cy = Const x |Q| and C; = Const x |092].

However, it took many years after Weyl and significant efforts of several math-
ematicians to establish the second term of (1.2) rigorously and to estimate the
remainder [Kac, H6, Se, Me, Iv].

In 1934 Carleman [Ca] extended (1.1) to Schrédinger operators, where

N(A) ~ Cy /()\ — V)2 da,

(A = V)4 meaning the positive part of the function A — V().
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He also proposed to replace N(A) by certain of its averages, such as the Mellin,
Laplace, and Cauchy-Stieltjes transforms. The first two are often called zeta and
theta functions of H:

Z(S) = trH_s = de)\k_s = //\_st()\),
k=0

e o]

O(t) =tre™H = dee_’\’“t = /e_’\th()\); (1.3)

0

o [ AN _
F() = ; - /\k)m = —_(C —m for some m > 1.

Here dj is the multiplicity of Ag.

The main advantage in passing to averages has to do with asymptotic and
analytic properties of the functions Z(s), ©(t), F(({). Whereas N(\) is typically
highly irregular (no lower order asymptotics could exist beyond the 27 Weyl term),
the corresponding “averages” admit nice expansions to all orders.

The foremost is the “heat expansion” of Minakshisundaram and Pleijel [Mu,
MP], elaborated and extended by many other authors [McS, Gi] (see references in
[Chal),

Ot) =tr e H ~ t7V2{by + b1t*/? £ byt +---}, as t — oo. (1.4)

The coefficients {b;} are obviously spectral invariants of H, called heat invar:-
ants. It turned out that {b;} carry some important geometric/topological informa-
tion. The first two are obviously related to Weyl’s coefficients! (1.2):

bO:F(g+J)Cm blzr(g)ch

1 Since all three kernels (A — H)™™, e *H  and H~° are related by the
Mellin/Laplace transforms,

1 oo
A= H)Y ¢ = —t(H—-X) -1
( ) I'(s) ./o ’ v

asymptotic expansion of any one of them can be converted via Abelian/Tauberian
Theorems (Karamata, Keldysh [Ti]) to the other. In particular, the Z-function has
simple poles at {s; = d‘—"‘z_—ki }, whose residues are proportional to the heat invariants

{br}
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and thus recover the volume |Q2| and the area |92].
McKean and Singer [McS] found the higher invariants b2 and b; for Laplacians
on manifolds with boundary;

bgz%(/MK—/;MJ).

Here K = trace(Ricci) means the scalar curvature of M, while J = trace(
fundamental form) denotes the mean curvature of the boundary oM.

2nd

By Gauss’s Theorem for 2-D surfaces, by is the Euler characteristic of M, by =
1— genus (#handles). Thus “the topology of M is audible”.

In general, the heat invariant b; is given by the integral of some universal
polynomial expression in curvature and its covariant derivatives over  (or 9%Q2)
[Gi]. However, the computational complexity increases rapidly with j, so very few
heat invariants are known explicitly [Gi, Sm].

Let us remark that the “heat method” (and “heat coefficients”) provided a
powerful tool in the Atiyah-Singer Index Theory for elliptic systems (complexes)
on manifolds, including the de Rham and signature complexes, [ABP, Gi].

One still does not know whether the family {b;} determines the spectrum
uniquely, i.e., represents a complete set of spectral invariants.

In high dimensions (D > 4) there are known examples of continuous isospectral
deformations of the metric [GW], of the boundary [BBe, Uru, and of the potential
[Br], [DeG]. So the entire spectrum, let alone {b;}, fails to uniquely determine the
“geometry”.

In low dimensions (D = 2, 3) the inverse problem is widely believed to be spec-
trally rigid, in the sense that isospectral classes of metrics, boundaries, or potentials
are finite (modulo symmetries). Let us also remark that all “continuous” counterex-
amples in high dimensions seem to be quite exceptional, so the rigidity may still be
the prevailing phenomenon generically. We shall discuss the metric problem in the
next section.

To conclude let us mention some special families of “audible drums”:

(i) Disks are distinguished among all other drums by the first two Weyl/heat

invariants, via the standard isoperimetric inequality between the volume and
the area,

1692| > Const|Q] ™+ .

This was observed by Kac [Ka).
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(ii) For triangles (in fact, all polygons) Kac derived the third heat invariant, de-
pending on angles (see [Ka, BS]). Thus, in the family of all triangles each
individual is audible via {bg; b1;b2}.

Other special regions include ellipses [GM], certain N-parameter families of
ovals [MM], and more general convex symmetric (with respect to z- and y-axis)
plane regions with real analytic boundary [Co2].

Remark: Weyl's formula (1.1) was extended to fairly general classes of elliptic (or
subelliptic) differential and pseudodifferential operators H = H(z;1V) on compact
manifolds/domains and on R" ([Ag, H62, TS, Sj, Gurl] to name a few authors).
Here H(z; p) denotes the principal symbol of H, a classical observable on the phase
space P = R2" (or the cotangent bundle T*M). Then the Weyl formula takes the
form of the “volume counting principle”,

N(H;\) ~ (2n)""Vol{H(z;p) < A}, as A — oo. (1.5)

In the terminology of quantum mechanics the operator H = H(z; %V) repre-
sents the quantized classical Hamiltonian H(z;p). So (1.5) becomes a very general
(albeit crude) form of the Correspondence Principle of quantum mechanics, which
asserts close relations between the classical hamiltonian ‘H on P and its quantum
counterpart, the operator H on L?*(M). Indeed, thinking of {¢1} as bound states
of the quantal system, with energy levels {\;}, formula (1.5) asserts that

#{quantal states ¢ : energy(h) < A}
~ Volume{classical states (z,p): H(z,p) < A}

Though the volume counting principle (1.5) predicts correct asymptotics and
has been rigorously proven in many cases, it falls short of being universal.

Recently a number of examples have been discovered [Si, Fe, Ro, So, Gur2]
which exhibit nonclassical behavior of {Ar}. The simplest prototype is the
Schrodinger operator H = —A + |z|%|y|? in R?. Here “volume counting” pre-
dicts infinite volume (hence continuous spectrum!) at all energies A > 0, whereas
spec(H ) is in fact discrete and obeys a nomnclassical asymptotics [Sil.

Other interesting examples of nonclassical behavior arise in Schrodinger oper-
ators with pure magnetic (gauge) potentials, H = (iV +A)?, [Ta, Co3]. Once again
the Weyl principle fails to predict discrete spectra for such operators with any A.
Yet for certain potentials A, and the corresponding fields B = V x A (magnetic

bottles), spec(H) was shown to be discrete and to display nonclassical asymptotic
behavior.



Inverse Spectral Problem 7

§2. The Correspondence Principle and Periodic Orbits

In the previous section we demonstrated a number of geometric/topological
spectral invariants of differential operators H: volume, area of the boundary, Euler
characteristic, etc., all of which provide particular manifestations of the correspon-
dence principle. However, to gain a deeper insight into the structure of the spectrum
and to approach the inverse problem, we need to look at other geometric/dynamical
characteristics of the corresponding classical systems.

The relevant systems are hamiltonian (geodesic) flows on the phase space
P ~ T*(M), defined by the classical Hamiltonian, the symbol h = h(z,p) of oper-
ator H,

és: (z,p) — exptX(z,p), (2.1)

where X = X, = hy - 0 — hp - 0; denotes the Hamiltonian vector field of h.
Several dynamical characteristics of (2.1) have been found to play roles in
spectral theory:

i) Classical close trajectories and the related Poincaré numbers.
ii) Invariant Lagrangians A C P, i.e., maximal isotropic (relative to the symplectic
structure) submanifolds of P, invariant under the flow (2.1). Natural examples

include invariant tori of integrable Hamiltonians, A = (\{I,x(z;p) = Const},
m
where {I;;I...I,} form a maximal Poisson-commuting family on P, and

h = f(Iy;...I;). But there are interesting examples of higher-genus invari-
ant Lagrangians [RB].

1) “Quantized” closed caustics (envelopes of rays) [Ke, KR].

All of these appear in the context of the “large eigenvalue problem” for oper-
ators H = h(z;iV), and also in the semiclassical setup, H = h(z;1AV) with small
Planck parameter. But they have somewhat different ranges of applicability.

The existence of invariant Lagrangians (or rather, nice “Lagrangian foliations”
A(aq;...ap)) essentially amounts to integrability of A, hence is limited in scope.
Such continuous families are then quantized by the EBI (Einstein—Brillouin—-Keller)
rules to produce a discrete set of approximate eigenvalues of H (c¢f. [MF], [BT)).

Closed orbits are more universal and appear in a greater variety of geometric
settings. So we shall mostly discuss the role of closed orbits.

There are various physical (heuristic) arguments behind the correspondence

principle for closed orbits [Gut, BB, Vo, AA], as well as mathematically rigorous
results [Ch, DG, Ra, Do].



8 David Gurarie

The basic principle asserts that “the spectrum {A} of the operator H de-
termines the length/period spectrum {L.,} (the length of all closed orbits) of the
classical system (2.1)”.

To state precise results we consider all closed orbits {7} (geodesics or bicharac-
teristics) along with their Poincaré maps? { P,} and Morse indices o(7), and denote
by L = £() the length of 4. It turns out that for fairly general second order elliptic
operators H (including Laplacians), spec(v/H) contains asymptotic “almost arith-
metic” sequences of large eigenvalues, determined by L and P,. A typical result
[Ch, DG, Ra] for stable v (i.e., P, equivalent to a direct sum of rotations by angles
{61;...6,_1}) states

Theorem. For any tuple of integers {m1;...mp_1}, spec(H) contains a sequence
of eigenvalues,

n—1
27
VA~ fk + z}: m;8; +o(y) as k — oo. (2.2)

Mathematical proofs of (2.2) are based either on the wave equation method,
microlocal analysis of the wave group Uy = exp(itv/ H) (the “forward” fundamental
solution of the wave equation uy — H[u] = 0), or the gquasimodes (approximate

eigenfunctions, localized near v) [Ra).

The key idea is to construct the wave kernel U, and study its formal trace, as
a distribution on R,

x(t) = tr (eit‘/ﬁ> = Z eV, (2.3)

The distribution x is made of terms that represent contributions of various closed

orbits [Gut, Vo, DG],
X =Xo + Z Xv-

The main singularity, the contribution of zero length {one-pointed) paths, has

its Fourier transform expanded at {co} as

Xo(p) ~ecop™ M+ cu™ 2+ as H — 00, (2.4)

? The Poincaré map measures the “cross-sectional twist” of the flow (2.1) along
the closed orbit.
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the coefficients being related to the Weyl (heat) invariants® of H, or the residues of
its zeta-function. All other singularities are located at precisely the period spectrum
{T\n} of o. Furthermore,

NER el s f)ir®™ 2.5
(¢ =x0) () ~ zw;; (t — £(y™)), /det(I — P) 29

The outer summation in (2.5) extends over primitive closed paths {7}, while ¥™
denotes the m!! iterate of 7.

Formula (2.5) describes the contribution of isolated non-degenerate periodic
orbits. In degenerate cases, when orbits of a given period form a cell (submanifold)
of dimension d, more singular distributions of order -1 appear in place of = ;(7)
[DG].

We shall illustrate (2.5) by two well known examples:

1° The Laplacian on the torus T" = [0;T1] X --- x [0; T3], with basic peri-
ods {T1;...T,}. Here the eigenvalues are known exactly: Ay = 472 > (k;/T;)% k
running over all n-tuples (ky;...k,) € Z™.

We apply the Poisson summation formula to the RHS of (2.3), considered as
a function on the lattice I' = span{ QT—:' ej} in R™:

D fk)y= Vol > f(m) (2.6)

kel mer’

® Formula (2.4) can be formally derived from Weyl’s asymptotics, Ap ~

2 . o
4772(v—’gf)n/ . Indeed, pairing the distribution x to a test function f, and apply-

ing (1.1), we get

i) = F (V) ~ Yf<27(v>%)+ [T a

_ nVol el
2%)”/ f(r dr + .-

By the Plancherel identity (x; f) = (X; f), so we get (2.4). Of course, in practice
(2.4) is derived via “microlocal analysis” of the wave kernel Ui(z;y), and then
applied to prove (1.1) [Ho1].
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for a nice function/distribution f on R™ and its Fourier transform f. Here I" denotes
the dual lattice, and Vol refers to the volume of the fundamental region R™/T".

Specializing (2.6) to a function f(z) = e'!l® zl on T, with Fourier transform

~

() = Cout =7 60T )(¢ — [¢])

on the dual lattice I' = span{Tje,}, we get

X(t) = CVol 72> "0 (t — L), (2.7)

m

with L, = 1/Y.(m;T;)? = the length of the m'® orbit in T*. Formula (2.7) clearly
demonstrates the “length spectrum” singularities of the wave-kernel.

2°  Another well known example is the celebrated Selberg trace formula for
Laplacians on compact hyperbolic surfaces M = H/T, the Poincare half-plane H =
{z : Rz > 0} modulo a discrete subgroup I' of SL(2;R), acting by fractional linear
transformations on H.

This time we shall rephrase the result in terms of the heat (rather than wave)
expansion. Singularities of the wave trace x would then correspond to various
exponential terms of O(t) (see [DG]).

The closed paths of M are labeled by conjugacy classes {k~1gk: k € T} of
elements ¢ in I', each class contains a power p" of a hyperbolic primitive element

p~ (m _1),m > 1. We denote by £(g) = cosh™" (3 trlgl) the length of the

closed path v = 4(g) (see [Mc]), where |g| = (¢*¢g)'/?. Then one has the following
expansion of the theta-function of the hyperbolic Laplacian on M,

—-t/4 )
Ot) = ———— L C(t)| M| + 7t — Bt a 2.
(t) = (47 4)3/2 A)M|+ = nz; m;;ug sulh (pn)e (2.8)
primitp

The summation (2.8) extends over all powers p™ of primitive elements (repeated
geodesics), which label the conjugacy classes in I', | M| denotes the volume (area)
of manifold M, in accord with (1.1)—(1.2), and C(t) is a universal coefficient

2
® LT /At

C(t) = .
(t) 0 \/coshx—ll
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Once again the length spectrum {L, = #(p")} appears explicitly in the ex-
pansion (2.8), so it can be thought of as a noncommutative version of the Poisson
summation (2.6).

Let us remark that C(t) ~ /4t for small ¢, which makes (2.8) consistent with
the well known local behavior of the heat kernel K,(z;y) on Riemannian manifolds

[Chal:
K(z,y) ~ (47rt)—"/26"d2(z;y)/4t + ..., for small t and d(z;y),

where n = dim M and d(z;y) is the distance between z,y in M. So the leading
asymptotic of ©(¢) in (2.8) becomes Z%e_‘ﬁ/‘“, as befits a 2-D surface!

Formulae (2.6) and (2.8) closely resemble the asymptotic expansion (2.5), but
the remarkable feature of the torus and of the hyperbolic Laplacian on H/T is that
the quasiclassical relations between “spectra” and “geometry/dynamics” become
exact!

The standard physical arguments for (2.5) and (2.8) are based on the Feynman-—
Kac path-integral representation of the Green’s function of H (the resolvent or
semigroup kernel) as the “sum over all paths in P” of the classical action S =
§ L(z;z)dt, where L = p- & — h is the Lagrangian of h. By the stationary-phase
principle the most important contribution to the Feynman integral comes from the
“critical points”, i.e., the closed classical paths. Applying such principles to the
heat (and related) kernels one can get formal asymptotic ezpansions like (2.5), but
it is not clear how the path integral method could justify ezact ezpansions like (2.6)
and (2.8).

For more details and motivation we refer to [BB, Gut, Vo, AA].

Returning to the inverse problem, the length spectrum of closed paths
(geodesics) reduces it to a problem in geometry/dynamics on manifolds: Given
two metrics on M whose geodesic flows have identical period/length spectra, can
one conclude that those metrics are isometrically equivalent?

In the classical case of hyperbolic surfaces M = H/T" with constant negative
curvature, McKean [Mc] showed that there are at most finitely many isospectral
surfaces {M}. He utilized Selberg’s trace formula (2.8) and the Klein-Fricke double
and triple traces {tr(yxym), tr(yivk¥m) : & € '}. The latter served to identify
elements {7y} up to conjugacy in T, hence the lengths of closed geodesics {(v)}
and their orientations.

McKean’s result [Mc] left a possibility of uniqueness in the inverse problem on
hyperbolic surfaces H/T', until Vigneras [Vi] found in 1980 finite (but arbitrarily
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large!) families of distinct isospectral surfaces in any genus. These examples, how-
ever, turned out to be rather exceptional. S. Wolpert [Wo] showed that a generic
hyperbolic surface is uniquely determined by spec(A)!

For more general hyperbolic manifolds of non-constant curvature Guillemin and
Kazhdan [GK] established “infinitesimal rigidity”: Any continuous l-parameter
family of isospectral deformations must be trivial. Their method also used a reduc-
tion to a dynamical problem.

In the study of dynamical problems it was found that uniqueness usually re-
quires an additional “discrete set of data”, for instance, association of homotopy
classes to the periods {L,,} (see [KB]). The latter had previously been used by
McKean [Mc] in the constant-curvature case. Under such additional hypotheses,
the geometric dynamical problem was shown to have a unique solution [KB].

So one comes tantalizingly close to settling the inverse spectral question (at
least on hyperbolic surfaces), but there remains the frustrating “labeling problem”,
whose spectral content is unclear. The best results to date [OPS] establish com-
pactness of isospectral metrics in the C* topology, as well as compactness of shapes
(boundaries) of 2-D drums. It exploits a novel approach, based on determinants
of Laplacians. This approach was further extended in [CY] to some 3-D metric
problems.

§3. The Shape of the Potential

In this last section we turn to Schrodinger operators Hy = —A+V on compact
manifolds/domains, and study the relation between spec(Hy ) and V.

Let us emphasize that we are interested in Schréodinger operators with large
Planck constant, A = 1, as opposed to the more familiar semiclassical setting with
small k, Hy = —h?A+V. The semiclassical problem can be reduced to a “large po-
tential” problem via rescaling, Hp = h%(—A+h~2V), hence the kth “semiclassical”
eigenvalue is essentially the kth “large potential” eigenvalue:

Ae(V,B) = R2A(B2V).

So the difference between the two problems lies in the different asymptotic
ranges of the eigenvalue/energy parameter A(V, k). Namely, for moderate energies,
MV k) = O(1), ie, \(hR™2V) = O(h~?), the underlying classical dynamics is
dominated by the complete Hamiltonian hy = p?+V, as both terms, kinetic energy
P? = (1hV)? and potential encrgy V, are of equal strength. Hence the relevant
classical data entering the expansions (2.5) are closed orbits (bicharacteristics, rays)

of hv.
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On the other hand, for large energies, A(h) = O(k™2%), or, equivalently, large-
eigenvalue asymptotics of Hy, the kinetic term Ho = P?2 = —A dominates, so
Hy can be considered as a regular perturbation of Hy. The underlying classical
dynamics is governed by the free Hamiltonian ho = p?, so it coincides with the
geodesic (billiard ball) flow on M, and the relevant dynamic data consists of closed
geodesics.

In the latter case V enters various eigenvalue asymptotic formulae in the form
of integrals f7 V along closed paths, rather than “classical orbit perturbations”.

The role of the length spectrum will be played now by the Radon transform of
V>

V(z) = V(y) = j{ V ds, integral over a closed geodesic . (3.1)
¥
A heuristic explanation for (3.1) comes once again from the Kac—Feynman path-
integral representation of the heat kernel of Hy,

2V (z;2) = /dBt[*r]e_ﬁ e

Here dB[y] denotes the Wiener integral over the so-called Brownian bridge: the
set of all closed paths, v = y(z), connecting {z} to itself in time ¢ [Mo, AA].
Formal application of the “stationary phase/steepest descent” method keeps the
contribution of the stationary (classical) path only, whence comes (3.1).

Therefore, the Schrodinger Inverse Problem could be approached in two basic
steps:

(1) derwation of the Radon transform ‘7, or some “functionals” of \7, from spectral
asymptotics of H;

(i1) the proper Radon transform inversion procedure.

The classical and best studied example of inverse problems are 1-D regular
Sturm-Liouville (S-L) operators: H = —-8? + V(z) on [0, 1], with various types of
boundary conditions: 2-point, periodic, Floquet, etc.

Such an operator is known to have a multiplicity-free spectrum {\;}, which
admits the following asymptotic expansion [Bo, Le],

M= (7k)2 +bo+ k70 4+ ask — oo. (3.2)

Here by = [ Vdz, and the higher b; are expressed in terms of Fourier coefficients of

V.
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The correspondence V — spec(Hy ) for S-L operators proves to be highly non-
unique: there are typically large (infinite-dimensional) isospectral classes both in
the periodic/Floquet [La, No, MM] and the “2-point boundary” case [IMT, PT].
So a unique determination of V requires an additional infinite set of data, such
as the “KdV-flow parameters”, “norming constants”, etc. These results extend
to some singular S-L problems, like the harmonic oscillator [MT], and operator
H = -0%+(1/2?) on [0,1], [GR].

Compared to the 1-D case, multivariable Schrédinger theory is far less devel-
oped and understood. Moreover, multi-dimensional Schrédinger operators often ex-
hibit different qualitative features, like spectral rigidity, proposed by V. Guillemin.
Namely, the isospectral classes, Iso(V'), consist of finite-dimensional families ob-
tained by natural (geometric) symmetries (isometries of M), rather than the hidden
“KdV-type symmetries”.

The Rigidity Hypothesis has been confirmed in a number of cases. The fore-
most is the case of negatively curved manifolds [GK], where, under some additional
assumptions (simple “length spectrum” of the geodesic flow), it was shown that V
is uniquely determined by spec(Hy ), so Iso(V') = {V'}. Of course, negatively curved
manifolds typically have no continuous internal (geometric) symmetries. In this re-
spect the potential problem on hyperbolic spaces proved to be more manageable
than the metric problem (§2).

The main tool of [GK] was to show that the Radon transform of V' is determined
by spectral asymptotics of Hy. This data combined with some specific features of
hyperbolic geometry (discrete, but rapidly proliferating with length, families of
closed geodesics) proved to be sufficient to recover V.

Another well studied case is the flat torus T". Its symmetries consist of all
translations and reflections. It was shown that generic analytic potentials® V on
T" are spectrally rigid [ERT, MN], and there is strong evidence that this holds for
nonanalytic potentials as well. The argument was based on certain reduced S-L
operators and involved once again the Radon transform of V.

The case of the positively curved (and highly symmetric) n-sphere turned out
to be the most difficult. 5o far only partial results have been obtained [Wei, Gui,
Co, Ur, Gur4].

In the rest of the paper we shall outline the state of the n-sphere theory.

* Obviously, special potentials, such as V = Vi(z;) + --- + V,.(2), the sum of
1-variable functions, may still possess “large” (infinite) iso-classes, obtained by the
hierarchy of KdV-flows applied to each 1-D constituent {V;(z;)}.
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The n-sphere Laplacian has regularly distributed and highly degenerate spec-
trum: spec(—A) = {A\x = k(k+n—1)}, the multiplicity of A increasing rapidly with
k, di = O(k™™!). The degeneracy evidently results from the underlying rotational
symmetry SO(n + 1).

Adding the potential V breaks the rotational symmetry, so spec(Hy) splits

into clusters of simple (less degenerate) eigenvalues Ap = {Mem = Ak + fim:
m = 1,...dr}. The clusters are asymptotically well localized: the cluster size
being

Ay = 0(1), for even/generic V,
T Ok™?), for odd V,
while the distance between neighboring Ay increases in proportion to k [Gui2].

So it is natural to look for spectral invariants associated with the cluster struc-
ture of spec(H).

To find such invariants A. Weinstein [We] introduced a sequence of cluster-
distribution measures,

1 .
dl/k = Zl; %:(5(.1‘ - #km)-

He proved that the sequence {dv\} converges to a continuous measure By(A)dA on
R, whose density is equal to the distribution function of (not surprisingly!) the
Radon transform V, dvi — Bod), where

(f;B0) = / fo 1% dS, for any test function f on R, (3.3)
(¢

integration over the space O of all closed geodesics (great circles)® on Sp.
Moreover, by analogy with (3.2), {dvt} can be expanded in powers of k™1,

dvk ~ Bo+ k7B + -, (3.4)

where the coefficients {8y; 51 ...} represent certain distributions on R depending on
V. Weinstein called the {8} band-invariants, and calculated Sy (3.3).

5 Let us remark that the space of closed geodesics O on S, is very different from
that in the hyperbolic case—a discrete sequence of isolated paths {~,, }—or the flat
(torus) case—a discrete union of cells Op = {y: |y|=L} ~T* 1, L =(3_ m?)]/z.
The spherical-space O consists of a single “fat” cell O ~ S*(S,)/T, of dimension
2(n — 1), which possesses many other structures (homogeneous space of SO(n + 1),
complex projective variety) [Gui, Ur]. The entire geodesic flow is periodic of period

2.
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The higher band-invariants turned out much harder to calculate explicitly; only
two of them {3; 82} have been found so far [Url—2, Gur].

At first glance Weinstein’s result seemed to provide a crucial link to the inverse
problem: following the general strategy, one only needs to “invert” the transform,
Bo — V, to recover V (modulo rigid motions).

The main difficulty, however, lies in the fact that the distribution function of
V does not determine V itself, even in the 1-variable case, whereas the $,,-Radon
transform depends generically on 2(n — 1).

Of course, the inverse problem would be immediately solved if we knew 17,
rather than its distribution function.

Nevertheless, V. Guillemin [Guil] successfully applied 3y along with the clas-
sical heat invariants to prove spectral rigidity for special classes of potentials: low-
degree spherical harmonics on S,.

In our recent work [Gur4] we have studied another class, the so-called zonal
potentials V; i.e., functions {V} which depend on a single azimuthal angle ¢, or
T = cos ¢.

The corresponding Schrodinger operators possess an additional symmetry:
on S; they commute with the z-component of the angular momentum operator
M = 10y, while on S, the role of M is played by the entire Lie algebra so(n) of
axisymmetric rotations. Hence one can study the joint spectrum of H and M.
In other words, the spectral shifts {zrm} of the kth cluster acquire an additional
(bigraded) structure, with an index m labeling the angular momentum of the cor-
responding eigenfunction ¥y ,:

HYrm] = Ak + tkm)Vkms  M[Yrm] = mbgm. (3.5)

In this context we made an important improvement over the Weinstein result
(3.5), by replacing asymptotics of cluster-distribution measures {dv;} by asymp-
totics of individual spectral shifts {pgm}.

To state the result we shall introduce three linear operators on [0, 1]-functions,
identified with zonal potentials {V(2)}:

(i) the reduced (zonal) Radon transform® R (see [Gur4])

~ 9 [Vi-r? dz
mif(iv)—*f(?‘):;/o f(x)ﬁ;

% Let us remark that the Radon transform of a zonal function is also zonal, i.e.,
depends on a single variable z € [0, 1].




Inverse Spectral Problem 17

(ii) the Gegenbauer-Legendre operator (reduced Laplacian)

d d az \° n—2
E:—d_;(l—$2)2i;+<1—m2> — «, where a = 5

(iii) the Euler operator € = z-.

Theorem 3 ([Gur4]). The spectral shifts {ixm } of the joint H, M -eigenvalue prob-
lem (3.5) admit an asymptotic expansion, similar to (3.2),

() 1 () +10 (5) 4

with certain function-coefficients a(z), b(z), c(z), depending on V(z). The coeffi-
cients {a,b, c} are computed explicitly in terms of operators R, £ and €, applied to
the even and odd parts of the potential V = Vey + Voq:

c(r) = 5159?{132 +2(n + 1)LHVev)+

+r2) {Re(VZ +ViD}.

l 2 2y 2y _
+ 5RO+ V3 - (V) - 57

In the special cases of even and odd zonal potential V on S,, we get

S m .
Lo = {V ( k) +O(k™1) for even V, (3.6)

k72U () + O(k™) for odd V,

where the function U(z) is obtained from V2 by the (% — 1:12%@)-transform.

Theorem 3 exhibits a multiscale structure of spec(H ), with the largest scale,
O(k?), locating clusters on the real line, a lower scale, O(1), indicating the cluster
size, and yet smaller scales, O(k™1!), etc., determining the distribution of spectral
shifts within clusters.

As a corollary of Theorem 3 we got a unique and explicit solution of the inverse
problem for the joint (H, M )-spectrum; established local spectral rigidity for generic
zonal potentials (thus providing a partial answer to Guillemin’s rigidity hypothe-
sis); and applied (3.6) to calculate the first 3 Weinstein band-invariants for zonal
operators.
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The techniques of the n-sphere Schrodinger theory rely heavily on spherical
symmetries and the ensuing 27-periodicity both on the classical level (geodesic
flow) and on the quantum (periodic spectrum of the Laplacian).

The basic steps involve a suitable averaging procedure [We, Gui, Ur], symbolic
caleuli on S, [Ur], and in the zonal case [Gur4] a so-called zonal reduction. The
underlying mechanism for rigidity, discovered in [Gur4], was due to “rigidity of
almost arithmetic sequences with incommensurate differences”.

Let us remark that some results of the S, theory extend to rank-1 symmetric
spaces.

But there remain many more open problems on both S, and more general
manifolds and operators. We shall list a few of them.

(i) Higher rank spaces and manifolds would require a new form of “multiparameter
averaging” and a better insight into the role of closed orbits in the correspon-
dence principle. It has been suggested that “geodesically flat tori” could play
the role of closed geodesics here.

(ii) Generic (nonzonal) potentials and manifolds: their analysis could also be facil-
itated by the new “averaging methods.”

(iii) Interesting examples of Hamiltonians are given by completely integrable sys-
tems (Calogero-Moser, Toda, etc.); these are known to be integrable on both
classical and quantum levels [OP]. But very little is known about perturbations

of integrable Hamiltonians, except some 1-D examples, such as perturbations
of the harmonic oscillator [MT, Gur3].

(iv) Operators on vector bundles, as well as Hamiltonians with vector (magnetic)
potentials, and elliptic systems. There is a number of direct spectral re-
sults, which show the effects of holonomy, Chern classes, and other geomet-

ric/topological data on spec(H) (cf. {Ku, GU, Co3]). But the inverse problem
is not attempted yet.

In our brief survey we have been able to outline only a few of the exciting
developments that the spectral theory of differential operators has undergone in the
forty years since Weyl’s “Ramifications”. This progress will undoubtedly continue
in the future, and bring a steady tide of fresh ideas, methods, problems and fruitful
connections between physics and mathematics.
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