Extra problems for Homework 5

1. Let dry(p,v) := supy |M(A) - V(A)|, where p and v are probability measures on a
measurable space (§2,F) and the supremum is over measurable sets A. Prove:

(a) The total variation distance is a metric on the space of probability measures on
(Q, ).

(b) The definition above is equivalent to
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where the functions f in the supremum are required to be measurable.
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(c¢) If u and v have densities f and g with respect to A, show that
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2. Consider an exponential random variable Y, with parameter A\, and let F, be the set
of bounded C' funtions f on R, with f(0) = 0, such that lim, .., f(z)e™* = 0. Let
X, be the set of bounded measurable functions on Ry such that Ef(Y)) < co. Define
T,:%F, — X, by

T.f(x) = f'(z) = Af(2).

Prove:

(a) T, really does map F, into X,.
(b) ET,f(Yy) =0 for all f € F,.
(¢) Define U, : X, — F, by

Uyg(x) := /Ox[g(t) — Eg(Yy)]e Mdt.

Show that U, really does map X, into &, and that T,U,g(z) = g(x) — Eg(Y)).

(d) Show that if X is a random variable taking values in R, such that E7,f(X) =0
for all f € F,, then X is an exponential random variable with parameter \.

That is, T, is a characterizing operator for Y,.



