Homework 10

. Show that a finite state space Markov chain has the strong Markov property; that is,
if {X,,}22, is a Markov chain on € with transition matrix P, and 7 is a stopping time
with respect to the filtration &, := o(Xy, ..., X,,), show that

Py [(Xri1, oo, Xean) € A|X;] =Py [(X1,..., Xk) € A],

for any x, € €, and that conditional on X, (X,i1,...,X;yx) is independent of
(X1, Xoq).

. (An alternate proof of the existence of stationary distributions). Let P be the transition
matrix of a Markov chain on €. For each n € N, define

1
A+ pP -4 pP.

l/nZ:E[

(a) Show that for all x € Q and n € N,

v P(2) = vn(2)] <

SRS

(b) Show that there is a subsequence {v,, }3>, of {v,}22, such that limy_, vy, ()
exists for each x € (0.

(c) Let v(z) = limg_ o0 Vn, (x); show that v is a stationary distribution for P.

. Let P be an irreducible transition matrix of period m. Show that €2 can be partitioned
into Cy,...,C,, such that P(x,y) > 0 only if there is an i with z € C; and y € C;1;
(with addition in the subscript being addition mod m).

. Let P be the transition matrix of a Markov chain on 2 and let 1 and v be probability
measures on ). Show that

dTV'(,U/P7 VP) < dTV(:“/u V)'

Use this to show that another application of P can only move the chain closer to
stationarity.



