Math 423 Homework 2

1. Let (X, M, ) be a measure space and let Ay, ..., A, be measurable. Prove the inclu-
sion/exclusion principle:
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2. Let A consist of finite unions of sets of the form (a,b] NQ, for —co < a < b < 0.

(a) Show that A is an algebra on Q. (You may use Prop. 1.7 from Folland.)
(b) Show that the o-algebra generated by A is all of P(Q).

(c) Define pp on A by po(0) = 0 and po(A) = oo for all A # (). Show that pg is a
premeasure on A.

(d) Show that the extension of o to P(Q) is not unique; that is, that there is a
measure v on P(Q) which agrees with pp on A but not on all of P(Q).

3. Let p be a finite measure on (X, M) and let u* be the outer measure induced by pu.
Suppose that £ C X (but E may not be in M!) and p*(E) = p*(X).
(a) Show that if A, B € M have ANE = BN E, then u(A) = u(B).
(b) Let Mg :={ANE:AecM}. Show that Mg is a o-algebra on FE.
(c) Define v : Mp — [0,00) by v(AN E) = u(A). Show that v is a well-defined

measure on Mpg.



