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A limit result for projections of high-dimensional data

Theorem (Diaconis-Freedman)
Let x1, . . . , xn be deterministic vectors in Rd . Suppose that the
xi , n and d depend on a hidden index ν, such that as ν tends to
infinity, so do n and d. Suppose there exists σ > 0 such that,
for any fixed ε > 0,

1
n

∣∣∣{j ≤ n :
∣∣|xj |2 − σ2d

∣∣ > εd}
∣∣∣ ν→∞−−−→ 0 (1)

and
1
n2

∣∣∣{j , k ≤ n :
∣∣ 〈xj , xk

〉 ∣∣ > εd}
∣∣∣ ν→∞−−−→ 0. (2)

Let θ be distributed according to normalized surface area
measure on the unit sphere Sd−1 ⊆ Rd and let µθν be the
(random) probability measure on R which puts equal mass at
each of the points {〈θ, xi〉}ni=1. Then, as ν →∞, the measures
µθν tend to N (0, σ2) weakly in probability.
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Interpretation:

In a set of high-dimensional data in which the
data vectors are all about the same length and don’t
concentrate too much in any one direction, most
one-dimensional projections of the data will look about
Gaussian.

Possible conclusion: When trying to understand
high-dimensional data through projections, look for projections
which are not close to Gaussian.

Question 1: Is there a way to tell whether a projection that looks
close to Gaussian is interesting?

Question 2: If the data are projected onto a k -dimensional
subspace instead of a 1-dimensional subspace, does this
phenomenon persist? If so, how can k grow with n and d?
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A possible answer to question 1:

A projection which looks close to Gaussian may be interesting if
it is “very close” to Gaussian. That is, if one could quantify how
close to Gaussian (in some metric) a typical projection of data
with no structure should be, then a projection which is much
closer than that might be interesting.

=⇒ What is a good quantitative version of the
theorem of Diaconis and Freedman?

Finding such a quantitative result is a possible route to an
answer to question 2 as well. If a bound in terms of k can be
found on the typical distance to Gaussian of k -dimensional
projections, then some conclusions about the rate that k may
grow with n and d are possible.
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A weaker theorem

Let x1, . . . , xn be deterministic vectors in Rd . Let θ be a random
point on the sphere Sd−1 ⊆ Rd and let K be an independent
random element of {1, . . . ,n}. Consider the random variable

W := 〈θ, xK 〉 .

The distribution of W puts equal mass at each of the random
points 〈θ, xi〉. We’ll show that W is approximately a Gaussian
random variable, with an explicit bound on the total variation
distance to Gaussian with d and n fixed.
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What’s so weak?

This is a weak theorem because it concerns the distribution of
the random variable W = 〈θ, xK 〉, which has two sources of
randomness: K is random, which gives us an empirical
distribution for the n data points; θ is also random, which means
that instead of looking at a fixed (randomly chosen) projection
of the data, we’re looking at an averaged version of the
empirical distribution over all possible projections.

The randomness in θ will be exploited in an essential way to
prove that W is close to Gaussian.
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An abstract normal approxiation theorem

Theorem (M)
Suppose that (W ,Wε) is a family of exchangeable pairs defined
on a common probability space, such that EW = 0 and
EW 2 = σ2. Suppose there is a function λ(ε) and a random
variable E such that

1. 1
λ(ε)E

[
Wε −W

∣∣W ] L1−−→
ε→0

−W .

2. 1
2λ(ε)σ2 E

[
(Wε −W )2

∣∣W ] L1−−→
ε→0

1 + E .

3. 1
λ(ε)E|Wε −W |3 ε→0−−→ 0.

Then if Z is a standard normal random variable,

dTV (W ,Z ) ≤ E
∣∣E∣∣.
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The exchangeable pair

Let Aε =

[√
1− ε2 ε

−ε
√

1− ε2

]
⊕ In−2 and let U ∈ Od be a

random orthogonal matrix, independent of everything. Let

Wε :=
〈

UAεUT θ, xK

〉
=⇒ Wε−W =

〈
U(Aε − Id)UT θ, xK

〉
.

Now, write U(Aε − Id)UT = εHCHT −
(
ε2

2 + O(ε4)
)

HHT ,

where H is the first two columns of U and C =

[
0 1
−1 0

]
. It’s

easy to show that E
[
HCHT ] = 0 and E

[
HHT ] = 2

d Id , thus

E
[
Wε −W

∣∣W ]
= −ε

2

d
W + O(ε4).

So λ(ε) = ε2

d .
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By the same decomposition and a bit more work,

E
[
(Wε −W )2∣∣W]

=
2ε2σ2

d
+

2ε2

d(d − 1)

[
|xK |2 − σ2d + σ2 −W 2

]
+ O(ε3)

= 2λ(ε)σ2

Recall: dTV (W , σZ ) ≤ E
∣∣E∣∣.

=⇒ dTV (W , σZ ) ≤ 1
d − 1

E
∣∣∣∣ |xK |2

σ2 − d + 1− X 2

σ2

∣∣∣∣
≤ 1

d − 1

1
n

n∑
i−1

∣∣∣∣ |xi |2

σ2 − d
∣∣∣∣+ 2

 =
A + 2
d − 1

.
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Leveraging to a stronger theorem – the concentration
of measure phenomenon

The idea of concentration of measure is that a well-behaved
function of a point on the sphere is almost constant, and that
constant can be taken to be the average value of the function.
More specifically:

Theorem (Lévy’s lemma)
There are universal constants C, c such that if f : Sd−1 → R is
Lipschitz with Lipschitz constant L (with respect to either the
geodesic distance or the Euclidean distance on Sd−1 ⊆ Rd ),

P
[∣∣f (x)− Ef

∣∣ > ε
]
≤ C exp

(
−cε2d

L2

)
.
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Define a function F : Sd−1 → R by

F (θ) := dBL
(
W (θ), σZ

)
= sup
‖f‖BL≤1

∣∣∣∣∣1n
n∑

i=1

f
(
〈θ, xi〉

)
− Ef (σZ )

∣∣∣∣∣ .

It is not hard to show that the Lipschitz constant of F is
bounded by

√
B, thus

P
[∣∣∣dBL

(
W (θ), σZ

)
− EdBL

(
W (θ), σZ

)∣∣∣ > ε
]
≤ Ce−

cdε2
B ,

where EdBL
(
W (θ), σZ

)
is the mean with respect to θ of the

function dBL
(
W (θ), σZ

)
of θ.
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BL-distance as the supremum of a stochastic process

Let f : Rk → R have ‖f‖BL ≤ 1, and define the stochastic
process {Xf} indexed by such f by
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cdε2
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Dudley’s entropy bound

Theorem (Dudley)
If a stochastic process {Xt}t∈T satisfies the a sub-Gaussian
increment condition

P
[∣∣Xt − Xs

∣∣ > ε
]
≤ C exp

(
− ε2

2d2(s, t)

)
∀ε > 0,

then
E sup

t∈T
Xt ≤ C

∫ ∞
0

√
log N(T ,d , ε)dε,

where N(T ,d , ε) is the ε-covering number of T with respect to
the distance d.
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The covering number

So what we now need is an estimate on N(T ,d , ε) for
T = {f : R→ R : ‖f‖BL ≤ 1} and d(f ,g) =

√
B‖f−g‖BL√

2cd
.

The problem of course is that N(T ,d , ε) =∞ for this choice of
T , d . But we can still use Dudley’s bound, together with a
truncation argument (and a smoothing argument).

Estimating the covering number of C1(X ) for X ⊆ R compact,
with respect to d as above, then making truncation and
smoothing arguments yields:

EdBL
(
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)
≤ CB

d
2
9
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Higher dimensional projections

The approach described here can be adapted to treat the case
of higher-dimensional projections of the data vectors xi .
That is, one could ask about projections of the d-dimensional
data onto a random k -dimensional subspace for some k ≤ d ;
one could further ask if k can grow with d and, if so, how?
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Random subspaces

The first step is to describe a random k -dimensional subspace
of Rd , which can be done in terms of the Stiefel manifold.
Definition:The Stiefel manifold Wd ,k is defined by

Wd ,k := {(θ1, . . . , θk ) : |θi | = 1,
〈
θi , θj

〉
= δij},

with rotation-invariant measure described by choosing θ1
uniformly in Sd−1 and choosing θi uniformly in the orthogonal
complement of θ1, . . . , θi−1 for i > 1.

When choosing a random k -dimensional projection of the data,
what is meant is to project onto the span of a random point of
the Stiefel manifold.
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Adaptations of the proof scheme

1. The analogous averaged theorem, with
W := (〈θ1, xK 〉 , . . . , 〈θk , xK 〉) can be proved as in the
one-dimensional case, using a multivariate version of the
abstract normal approximation theorem.

2. The concentration of measure phenomenon occurs on the
Stiefel manifold as well (with the same constants), and thus
that part of the proof goes through essentially unchanged.

3. One can also apply Dudley’s entropy bound to the
analogous stochastic process

Xf (θ) :=

∣∣∣∣∣1n
n∑

i=1

f
(
〈θ1, xi〉 , . . . , 〈θk , xi〉

)
− Ef

(
σZ
)∣∣∣∣∣ .

The covering number used in the bound will of course
depend on k .
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A multivariate theorem

Theorem (M)
Let x1, . . . , xn be deterministic vectors in Rd , and suppose that
A and B are defined by 1

n
∑n

i=1

∣∣σ−2|xi |2 − d
∣∣ =: A and

supθ∈Sd−1
1
n
∑n

i=1 〈θ, xi〉2 =: B. Let θ be a random point of the
Stiefel manifold Wd ,k , and let Xθ be the random variable on Rk

which is uniformly distributed over the n points{
(〈θ1, xi〉 , . . . , 〈θk , xi〉)

}n
i=1. Then there are constants C, c such

that
P
[
dBL
(
Xθ, σZ

)
> ε
]
≤ Ce−

cdε2
B ,

and this bound is non-trivial for ε > Ck B
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Thank you.


